Chapter 4
Regularizing Properties of the Kahler—Ricci
Flow

Sébastien Boucksom and Vincent Guedj

Abstract These notes present a general existence result for degenerate parabolic
complex Monge—Ampere equations with continuous initial data, slightly general-
izing the work of Song and Tian on this topic. This result is applied to construct
a Kéhler—Ricci flow on varieties with log terminal singularities, in connection
with the Minimal Model Program. The same circle of ideas is also used to
prove a regularity result for elliptic complex Monge—Ampere equations, following
Székelyhidi—Tosatti.

Introduction

As we saw in Chap. 3, each initial Kihler form wy on a compact Kéhler manifold X
uniquely determines a solution (w; )eo,7) to the (unnormalized) Kihler—Ricci flow

dw;
— = —Ric(w).
-~ (@)
Along the flow, the cohomology class [w;] = [wo] + ¢[Kx] must remain in the

Kéhler cone, and this is in fact the only obstruction to the existence of the flow. In
other words, the maximal existence time 7y is either infinite, in which case Ky is
nef and X is thus a minimal model by definition, or Ty is finite and [wo] + To[Kx]
lies on the boundary of the Kéhler cone.
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In [STO9], J. Song and G. Tian proposed to use the Minimal Model Program
(MMP for short) to continue the flow beyond time 7. At least when [wy] is a
rational cohomology class (and hence X is projective), the MMP allows to find a
mildly singular projective variety X birational to X such that [wo] + ¢[K x] induces
a Kihler class on X’ for t > Ty sufficiently close to Tp. It is therefore natural to
try and continue the flow on X’, but new difficulties arise due to the singularities
of X’. After blowing-up X' to resolve these singularities, the problem boils down to
showing the existence of a unique solution to a certain degenerate parabolic complex
Monge—Ampere equation, whose initial data is furthermore singular.

The primary purpose of this chapter is to present a detailed account of Song and
Tian’s solution to this problem. Along the way, a regularizing property of parabolic
complex Monge—Ampere equations is exhibited, which can in turn be applied to
prove the regularity of weak solutions to certain elliptic Monge—Ampere equations,
following [SzTo11].

The chapter is organized as follows. In Sect.4.1 we gather the main analytic
tools to be used in the proof: a Laplacian inequality, the maximum principle, and
Evans—Krylov type estimates for parabolic complex Monge—Ampere equations. In
Sect. 4.2, we first consider the simpler case of non-degenerate parabolic complex
Monge—Ampere equations involving a time-independent Kihler form. We show
that such equations smooth out continuous initial data, and give a proof of the main
result of [SzTol1]. Sections 4.3—4.5 contain the main result of the chapter, dealing
with the general case of degenerate parabolic complex Monge—Ampere equations,
basically following [ST09] (and independently of Sect. 4.2). In the final Sect. 4.6,
we apply the previous results to study the Kihler—Ricci flow on varieties with log
terminal singularities.

Nota Bene. This text is an expanded version of a series of lectures delivered by the
two authors during the second ANR-MACK meeting (8—10 June 2011, Toulouse,
France). As the audience mostly consisted of non specialists, we have tried to make
these lecture notes accessible with only few prerequisites.

4.1 An Analytic Toolbox

4.1.1 A Laplacian Inequality

If 6 and w are (1,1)-forms on a complex manifold X with v > 0, 6 can be
diagonalized with respect to @ at each point of X, with real eigenvalues A; < ... <
An, and the trace of 6 with respect to w is defined as tr,(6) = >, A;. More
invariantly, we have

2] n—1

The Laplacian of a function ¢ with respect to w is given by
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Aup = tr,(ddp).

For later use, we record an elementary eigenvalue estimate:

Lemma 4.1.1. If w and o’ are two positive (1, 1)-forms on a complex manifold X,

then
1
oM\ ™ e
(w) s%trw(w/)s(w)(trw/(w» '

Proof. In terms of the eigenvalues 0 < A} < ... < A, of ' with respect to w (at a
given point of X)), the assertion writes

) =iz () (o)

The left-hand inequality is nothing but the arithmetico-geometric inequality.
By homogeneity, we may assume that [[; A; = 1 in proving the right-hand
inequality. We then have

n—1
(ZA;I) =A== Y 0

-1

The next result is a Laplacian inequality, which basically goes back to [Aub78,
Yau78] and is the basic tool for establishing second order a priori estimates for ellip-
tic and parabolic complex Monge—Ampere equations. In its present form, the result
is found in [Siu87, pp. 97-99]; we include a proof for the reader’s convenience.

Proposition 4.1.2. Let w, ' be two Kdihler forms on a complex manifold X . If the
holomorphic bisectional curvature of w is bounded below by a constant B € R
on X, then

tr ,Ric(w’)

A, logtr, (0 >
eetre(@) = T

+ Btr (o).

Proof. Since this is a pointwise inequality, we can choose normal holomorphic
coordinates (z;) at a given point p € X so that ® = i), wudz A dZ and
o =1i) . oydz Ad7 satisfy

Wy = b — Z Riziz; + O(|z])
ij

and

oy = Midu + O([z])



192 S. Boucksom and V. Gued;j

near p. Here R; denotes the curvature tensor of w, 8y stands for the Kronecker
symbol, and A; < ... < A, are the eigenvalues of @’ with respect to w at p.
Observe that the inverse matrix (") = (wy) ™' satisfies

ol =8y + Z Rijuziz; + 0(2]%). 4.1)

iJj
Recall also that the curvature tensor of @’ is given in the local coordinates (z;) by

r_ 9./ A YN AN
Rijkl = —0;0wy + prqa,wkqa,w

ol
P4
hence
RL/'jkl = —Bigja),il + Zk;laiwkpﬁjw[’,l (4.2)
p

at p. Set u := tr,(w’), and note that
Ay logu = u" " Ayu — u=>tr o (du A du).

At the point p we have
Aw/l,t = Z Ai_lf)ig,- (C()kka)]/(k)
ik

and

tro (du A du) = Zkfl3iw/ik3iwz/za
ikl

with
3; 0 (0 wpy) = Ak Rigg + 0;0; iy

thanks to (4.1). It follows that

Ay logu = u! ZAFIAkRiikk + Zki_la,ﬁiw,ik
ik ik

—u? Z A0 wp,0;0) (4.3)
ikl

holds at p. On the one hand, the assumption on the holomorphic bisectional
curvature of w reads Ry, > B for all i, k, hence
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in—lkaﬁkk > B (Z A;l) (Z ,xk) = Bir (0)u. (4.4)
ik i k
On the other hand, (4.2) yields

D oAy = = Y AT R+ D AT A B,
ik ik

ik.p
Note that )~, , A;7' R, = tr,Ric(e’), while
—1y-1 2 —1y-1 25 -1 -1
YA g = D AT A i = Y AT w00
ik.p ik ikl

by the Cauchy—Schwarz inequality. Combining this with (4.3) and (4.4) yields the
desired inequality. O

4.1.2 The Maximum Principle

The following simple maximum principle (or at least its proof) will be systemati-
cally used in what follows to establish a priori estimates.

Proposition 4.1.3. Let U be a complex manifold and 0 < T < 4o00. Let (w;);ef0.1)
be a smooth path of Kdihler metrics on U, and denote by A, = tr,dd° the
Laplacian with respect to w;. Assume that

HeC'(Ux[0,T)NC>® U % (0,T))

satisfies either

or

aH flog[(a)t+dd H) }

at )

on U x (0,T). When U is non compact, assume further that H — —oo at infinity
onU x [0,T], foreach T" < T. Then we have

sup H = sup H.
UXx[0,T) U x{0}
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If we replace < with > in the above differential inequalities and assume that
H — +00 in the non compact case, then the conclusion is that

inf H = inf H.
UX[0.T) Ux{0}

Proof. Upon replacing H with H — et (resp. H + ¢t for the reverse inequality)
with ¢ > 0 and then letting ¢ — 0, we may assume in each case that the differential
inequality is strict. It is enough to show that supy o 7) H = supyy H for each
T’ < T. The properness assumption guarantees that H achieves its maximum
(resp. minimum) on U x [0, T’], at some point (xo, fo) € U x [0, T'], and the strict
differential inequality forces fp = 0. Indeed, we would otherwise have dd°H < 0
at (xo, o), 2 = 0if ty < 7', and at least 2 > 0if 1, = T’, which would at any
rate contradict the strict differential inequality. O

4.1.3 Evans—-Krylov Type Estimates for Parabolic Complex
Monge-Ampeére Equations

Since it will play a crucial in what follows, we want to give at least a brief idea
of the proof of the next result, which says in essence that it is enough to control
the time derivative and the Laplacian to get smooth solutions to parabolic complex
Monge—Ampere equations.

Theorem 4.1.4. Let U € C" be an open subset and T € (0, +00). Suppose that
u, f e C® (U x [0, T]) satisfy

2
u_ logdet( I u ) +f (4.5)

ot 3z; 0%

and assume also given a constant C > 0 such that

sup ()@) + |Au|) <C.
ux.1) \| 0t

For each compact K € U, each ¢ > 0 and each p € N, the C? norm of u on
K x [e, T] can then be bounded in terms of the constant C and of the C¥ norm of f
on U x [0, T] for some g > p.

The first ingredient in the proof are the Schauder estimates for linear parabolic
equations. If f is a function on the cylinder Q = U x (0, T), recall from Chap. 2
that for 0 < a < 1 the parabolic a-Hélder norm of f on Q is defined as

£ lego) = I1f llcoco) + [flaso -
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where [ f] «;0 denotes the a-Holder seminorm with respect to the parabolic distance
dP ((Zs Z)s (Z/v t/)) = max {lZ - Z/lv |t - lel/z} .

For each k € N, the parabolic C**-norm is then defined as

1/ ke =D I1DED! fllcgo)-
IBl+2j <k

If (6/)ie(0.7) is a path of differential forms on U, we can similarly consider [0;],. 0
and [|6; || -k« (0)» With respect to the flat metric wy on U.. In our context, the parabolic
P

Schauder estimates can then be stated as:

Lemma 4.1.5. Let (w;):e(0,1) be a smooth path of Kihler metrics on U, and assume

that u, f € C*(Q) satisfy
ad
(5=

with A, the Laplacian with respect to w;, and setting as above Q = U x (0,T).
Suppose also given C > 0 and 0 < o < 1 such that on Q we have

C oy < w < Coy and [w]ap < C.

Foreach Q' = U'x (e, T) withU' € U and ¢ € (0, T), we can then find a constant
A > 0 only depending on U’, ¢ and C such that

||“||C[{»w(Q/) <A (”“”C"(Q) + ||f||cg(Q))-

This result follows for instance from [Lieb96, Theorem 4.9] (see also Chap.2 in
the present volume). Note that these estimates are interior only with respect to the
parabolic boundary, i.e. the upper limit of the time interval is the same on both sides
of the estimates.

The second ingredient in the proof of Theorem 4.1.4 is the following version
of the Evans—Krylov estimates for parabolic complex Monge—Ampere equations.
We refer to [Gilll 1, Theorem 4.9] for the proof, which relies on a Harnack estimate
for linear parabolic equations.

Lemma 4.1.6. Suppose that u, f € C*°(Q) satisfy

2
@zlogdet( I u )—i—f,

ot 3z; 0%

and assume also given a constant C > 0 such that



196 S. Boucksom and V. Gued;j

u of
c! Cand || +|dd‘ f| < C.
= (g ) = Cona [ | v

For each Q' = U’ x (&, T) with U’' € U an open subset and ¢ € (0,T), we can
then find A > 0 and 0 < o < 1 only depending on U’, ¢ and C such that

[ddul, o < A.

Proof of Theorem 4.1.4. The proof consists in a standard boot-strapping argument.
Consider the path o, := ddu, of Kihler forms on U. By assumption, we have
w; < Cywy with C; > 0 under control. Since

u
oy zexp(g—f)w?,
du

where ' — f is bounded below by a constant under control thanks to the
assumptions, simple eigenvalue considerations show that w, > coy with ¢ > 0
under control. We can thus apply the Evans—Krylov estimates of Lemma 4.1.6 and
assume, after perhaps slightly shrinking Q, that [w;]s,¢ is under control for some
O<a<l

Now let D be any first order differential operator with constant coefficients.

Differentiating (4.5), we get

(% - A,) Du = Df. (4.6)

Since ?TH + |Aul is under control, the elliptic Schauder estimates (for the flat
Laplacian A) show in particular, after perhaps shrinking U (but not the time
interval), that the C° norm of Du is under control. By the parabolic Schauder
estimates of Lemma 4.1.5, the parabolic C>% norm of Du is thus under control
as well. Applying D to (4.6) we find

ad N 92
(E - A,) D= D>f + Zk: (poi) Du.
Js

3z 0%

where the parabolic C* norm of the right-hand side is under control. By the
parabolic Schauder estimates, the parabolic C*% norm of D2u is in turn under
control, and iterating this procedure concludes the proof of Theorem 4.1.4. O

4.2 Smoothing Properties of the Kihler—Ricci Flow

By analogy with the regularizing properties of the heat equation, it is natural to
expect that the Kihler—Ricci flow can be started from a singular initial data (say a
positive current, rather than a Kédhler form), instantaneously smoothing out the latter.
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The goal of this section is to illustrate positively this expectation by explaining
the proof of the following result of Szekelyhidi—Tosatti [SzTol1]:

Theorem 4.2.1. Let (X, w) be a n-dimensional compact Kdhler manifold. Let F :
R x X — R be a smooth function and assume Yy € PSH(X, w) is continuous' and
satisfies

(@ + ddWp)" = e FW0)

Then g € C*°(X) is smooth.

As the reader will realize later on, the proof is a good warm up, as the arguments
are similar to the ones we are going to use when proving Theorem 4.3.3.

Let us recall that such equations contain as a particular case the Kihler—Einstein
equation. Namely when the cohomology class {w} is proportional to the first Chern
class of X,2 M{w} = ¢;(X) for some A € R, then the above equation is equivalent to

Ric(w + dd Vo) = Mw + dd“ V),
when taking
F(p.x) = Ap + h(x)

with 2 € C°(X) such that Ric(w) = Aw+ddh. Szekelyhidi and Tosatti’s result is
thus particularly striking since the solutions to such equations, if any, are in general
not unique.’

The interest in such regularity results stems for example from the recent works
[BBGZ13, EGZ11] which provide new tools to construct weak solutions to such
complex Monge—Ampere equations.

The idea of the proof is both simple and elegant, and goes as follows: assume we
can run a complex Monge—Ampere flow

9 _

o (w + ddp)"
ar & "

:|+F(g0,x)

with an initial data ¢y € PSH(X, ) N C°(X) in such a way that

peCo(X x[0,T)NC®(X x(0,T]).

I'The authors state their result assuming that 1 is merely bounded, but they use in an essential way
the continuity of v, which is nevertheless known in this context by Kotodziej [Kol98].

2This of course assumes that ¢, (X) has a definite sign.

3In the Kéhler—Einstein Fano case, a celebrated result of Bando and Mabuchi [BM87] asserts that
any two solutions are connected by the flow of a holomorphic vector field.
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Then vy will be a fixed point of such a flow hence if ¥, denotes the flow originating
from ¥, Yo = V¥, has to be smooth!
To simplify our task, we will actually give full details only in case

F(s,x) = —G(s) + h(x) with s > G(s) being convex

and merely briefly indicate what extra work has to be done to further establish
the most general result. Note that this particular case nevertheless covers the
Kéhler—FEinstein setting.

In the sequel we consider the above flow starting from a smooth initial potential
¢o and establish various a priori estimates that eventually will allow us to start from a
poorly regular initial data. We fix once and for all a finite time 7" > 0 (independent
of @) such that all flows to be considered are well defined on X x [0, T]: it is
standard that the maximal interval of time on which such a flow is well defined can
be computed in cohomology, hence depends on the cohomology class of the initial
data rather than on the (regularity properties of the) chosen representative.

4.2.1 A Priori Estimate on ¢,

We consider in this section on X x[0, T'] the complex Monge—Ampere flow (CMAF)

[(a) + ddcfp)"}
_ = 10g T

o + F(p,x)

with initial data ¢y € PSH(X, @) N C®(X). Our aim is to bound ||¢ || Loo(x xjo,7) in
terms of ||@o||rcox) and T'.

4.2.1.1 Heuristic Control

Set M(t) = supy ¢;. It suffices to bound M (¢) from above, the bound from below
for m(t) := infy ¢; will follow by symmetry.

Assume that we can find ¢ € [0, T] — x(z) € X a differentiable map such that
M(t) = ¢:(x(¢)). Then M is differentiable and satisfies

¢,

M/(t) == W

(x(1)) < F(g(x(1)). x(1)) < F(M(1)),
where

F(s) := sup F(s, x)

xX€X

is a Lipschitz map.
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It follows therefore from the Cauchy-Lipschitz theory of ODE’s that M(t) is
bounded from above on [0, 7] in terms of 7, M(0) = supy ¢ and F (hence F).

4.2.1.2 A Precise Bound

We now would like to establish a more precise control under a simplifying
assumption:

Lemma 4.2.2. Assume that ¢, € C*® (X x [0, T)) define w-psh functions ¢, ¥,
forall t and satisfy

dg

o + F(p,x)

[ dd€p)"
wl‘l
and

> log + F(y, x)

oy [(w +dd )"
at "
on X x [0, T], where

F(s,x) = As — G(s,x) with s — G(s, ) non-decreasing.

Then we have

sup (¢ — ) < e*" max{sup(¢o — V). 0}.
Xx[0.T] b

Proof. Set u(x,t) := e (¢, — ¥,)(x) — et € C°(X x[0,T]), where ¢ > 0 is
fixed (arbitrary small). Let (xg, o) € X x [0, T'] be a point at which u is maximal.
If 1o = 0, then u(x.t) < (o — Vo)(x0) < supy(¢o — Vo) and we obtain the

desired upper bound by letting £ > 0 decrease to zero.
Assume now that 7y > 0. Then & > 0 at this point, hence

0<—e—re Mg — ) + e (g — V).

On the other hand ddu < 0, hence dd ¢, < dd,y, and

(p.t_"s&f =< F((ptsx)_F(wfsx)—‘rlOgl:

S F((pts-x)_F(wfs-x)'

(0 +dd ¢)" }
(0 + ddY)"

Recall now that F(s,x) = As — G (s, x). Previous inequalities therefore yield

G(¢r, x) < G(Yy, x) at point (x, 1) = (xo, o).
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Since s — G(s, ) is assumed to be non-decreasing, we infer ¢;,(xo) < ¥, (xo), S0
that for all (x,7) € X x [0, T],

“(xat) < M(X(),lo) <0.

Letting ¢ decrease to zero yields the second possibility for the upper bound. O

By reversing the roles of ¢;, ¥;, we obtain the following useful:

Corollary 4.2.3. Assume @, are solutions of (CMAF) with F as above. Then

A
e — ¥ llzooxxpo.ry < e llgo — Yol oo (x)-

As a consequence, if ¢o ; is a sequence of smooth w-psh functions decreasing
to g9 € PSH(X,») N C°(X), and ¢, are the corresponding solutions to (CMAF)
on X x [0, T], then the sequence ¢; converges uniformly on X x [0, 7] to some
e C%X x[0,T]) as j — +o0.

4.2.2 A Priori Estimate on %—‘f

We assume here again that on X x [0, T]

— =log

o (w +dd )"
ot "

|+ P

with initial data ¢y € PSH(X, w) N C*°(X).

Lemma 4.2.4. There exists C > 0 which only depends on | @o|| Lo (x) such that for
allt €10, T],

. CT »
@elloex) < €™ " ligollLoo(x)-

Let us stress that such a bound requires both that the initial potential ¢q is
uniformly bounded and that the initial density

(@+ddgo)" _
fo= T = log o — Flgo.x)

is uniformly bounded away from zero and infinity. We shall consider in the sequel
more general situations with no a priori control on the initial density f;.

Proof. Observe that

OF
- = A ) Y k) .s
T @+ % (., x)¢
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where A; denotes the Laplace operator associated to w, = @ + dd‘¢;.
Since F is C!, we can find a constant C > 0 which only depends on (F and)
le |l oo (x xjo,7)) such that

F
—C < a—((,o,x) < +C.
as

Consider H4 (x,1) := e~¢,(x) and let (xo, fy) be a point at which H realizes
its maximum on X x [0, T]. If fp = 0, then ¢, (x) < e supy ¢, for all (x,7) €
X x[0,T]. If ty > 0, then

d JoF
0= (5 - Ar) (Hy) = e [g(‘/)tsx) - C:| ®

hence ¢, (xo) < 0, since %ff(fp,, x) — C < 0. Thus ¢;(x) < 0in this case. All in all,
this shows that

O < eCTmax%sung)o,O} .
X

Considering the minimum of H_(x,?) := e*tC¢,(x,t) yields a similar bound

from below and finishes the proof since max{supy ¢y, —infy ¢y} > 0. O

4.2.3 A Priori Estimate on A,

Recall that we are considering on X x [0, T']

¢,

doi _, [(@+ddgy
o & "

] + Flgn)

with initial data ¢y € PSH(X, w) N C°°(X). Our aim in this section is to establish
an upper bound on A, ¢;, which is uniform as long as ¢ > 0 and is allowed to blow
up when ¢ decreases to zero.

4.2.3.1 A Convexity Assumption

To simplify our task, we shall assume that

F(s,x) = —G(s) + h(x), with s — G(s) being convex.
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This assumption allows us to bound from above A, F (¢, x) as follows:

Lemma 4.2.5. There exists C > 0 which only depends on ||@o|| Lo (x) such that
Ay (F(pr,x)) < C[L + trg,(wr)],

where w;, = w + dd ;.

Recall here that for any smooth function # and (1, 1)-form S,

dd‘h A "} Aw"!
Agh = n TN e = n A
" w"

Proof. Observe that
dd® (F(¢,x)) = =G"(p)dp Ad°p — G'(p)dd g < —G'(p)dd ¢

since G is convex. Now dd“¢ = (w+dd‘¢p)—w = w,—w = w;—w is a difference
of positive forms and —C < —G'(¢) < +C, therefore

dd® (F(p.x)) = C (o + ),

which yields the desired upper bound. O

Our simplifying assumption thus yields a bound from above on A, (F(¢, x))
which depends on tr, (w,) (and [|@o|| oo (x)) but not on ||V, || Loo (x x[e,7])- A slightly
more involved bound from above is available in full generality, which relies on
Blocki’s gradient estimate [Bto09]. We refer the reader to the proofs of [SzToll,
Lemmata 2.2 and 2.3] for more details.

4.2.3.2 The Estimate

Proposition 4.2.6. Assume that F(s,x) = —G(s) + h(x), with s — G(s) convex.
Then

0<try(w) <Cexp(C/t)

where C > 0 depends on |@ol| Loo(x) and ||@ol| oo (x)-

Proof. We set u(x,t) := tr,(w;) and
a(x,t) :=tlogu(x,t) — Ap;(x),

where A > 0 will be specified later. The desired inequality will follow if we can
uniformly bound « from above. Our plan is to show that
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(% _ At) (@) < C1 + (Bt + Cs — A)tr o, (@)

for uniform constants Cy, C; > 0 which only depend on ||¢o || Loo(x), @0l Loo(x)-
Observe that

9 ‘9
(— — A,) (@) = logu+ -2 — Ag, —tA, logu + AAg,.
ot u 0t

The last term yields AA;p, = An—Atr,, (). The for to last one is estimated thanks
to Proposition 4.1.2,

tr, (Ri
—tA;logu < Bttr, (w) + [M
tr, ()

It follows from Lemma 4.2.5 that

t du

t n t
-— ==\ (log a)_,) + —Au F(gr, x)
u dt u " u

t t
= —{—tr,(Ricwy) + tr,(Ricw)} + —A, F(¢;, x)
u u

- _ttrw(Rica),) LC 1+ u).
tr o, (wy) u

We infer
ta
—tA;logu + ta < Bttr,, (w) + Cy,
u 0t
using that u is uniformly bounded below as follows from Proposition 4.1.2 again.
To handle the remaining (first and third) terms, we simply note that ¢, is
uniformly bounded below, while

logu < log [Ctra,, (a))”_l] < Cy + Cstr, (@)

by Proposition 4.1.2 and the elementary inequality log x < x. Altogether this yields
ad
5= A ) @ = Gt (B4 G = Dy, (@) < s,

if we choose A > 0 so large that B + C3 — A < 0. The desired inequality now
follows from the maximum principle. O
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4.2.4 Proof of Theorem 4.2.1

4.2.4.1 Higher Order Estimates

By Theorem 4.1.4, it follows from our previous estimates that higher order a priori
estimates hold as well:

Proposition 4.2.7. For each fixed ¢ > 0 and k € N, there exists Cx(g) > 0 which
only further depends on ||@q|| oo (x) and ||@ol| Loo(x) such that

e llcx (xxe.rp < Cr(e).

4.2.4.2 A Stability Estimate

Let0 < f.g € L?(w") be densities such that

/Xfw"z/ng"zfxw".

It follows from the celebrated work of Kolodziej [Kol98] that there exists unique
continuous w-psh functions ¢, ¥ such that

(w+dde)" = fo", (0 +ddY)" = go" and /}(((p—lﬂ)w" =0.

We shall need the following stability estimates:

Theorem 4.2.8. There exists C > 0 which only depends on || f |12, gl L2 such that
lo =¥l < CIf = gy

for some uniform exponenty > 0.

Such stability estimates go back to the work of Kolodziej [Kol03] and Blocki
[Blo03]. Much finer stability results are available by now (see [DZ10, GZ12]). We
sketch a proof of this version for the convenience of the reader.

Proof. The proof decomposes in two main steps. We first claim that

1

lo =Vl <CIIf - g”E)’ 4.7

for some appropriate C > 0. Indeed we are going to show that

/X A —v) Ad (o =) no™ < Cul(p. )", “8)
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where
How)i= [ (=) (@ +dd W) = @ +dd“p)'} =0
is non-negative, as the reader can check that an alternative writing is
n—1
A L
Ho) =X [ do = ndo=w nalnof .
j=0
In our case the Cauchy—Schwarz inequality yields

Ip.v) = /X(“’ (g — )0 < llp—Vlalf — gl

therefore (4.7) is a consequence of (4.8) and Poincaré’s inequality.
To prove (4.8), we write = w,, — dd ‘¢ and integrate by parts to obtain,

/d(fﬂ —Y)Ad(p—Y) A"
= [do—w rd*@-v) nay no
—/d(w — Y)Y Ad(@—PY)Add @ A "2
= [ao—v)na—p) nop no
+/d(<ﬂ —Y) AP A (0y — wy) A"
We take care of the last term by using Cauchy—Schwarz inequality, which yields
1/2
[aw-wniconane? <a( [de—vnaw-pra o).
where
A* = /d<p/\d"<p Awy A"

is uniformly bounded from above, since ¢ is uniformly bounded in terms of
[/ l2x) by the work of Kolodziej [Kol98]. Similarly

1/2
_/d(gD_l//)Adc(pAwW/\wn_zSB(/d(QD_l//)/\dC(SD—l//)/\a)w/\a)n_z) ,
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where
B* = /d(p/\dcgo/\ww A "2

is uniformly bounded from above. Note that both terms can be further bounded from

above by the same quantity by bounding from above w,, (resp. wy) by w, + wy.
Going on this way by induction, replacing at each step @ by w, + wy, we end

up with a control from above of [ d(¢ —¥) Ad“(¢ — ) A "' by a quantity that

is bounded from above by CI(p, Ip)zf("fl) (there are (n — 1)-induction steps), for
some uniform constant C > 0. This finishes the proof of the first step.
The second step consists in showing that

lp =¥l = Collo =Vl y,

for some constants C,, y > 0. We are not going to dwell on this second step here, as
it would take us too far. It relies on the comparison techniques between the volume
and the Monge—Ampere capacity, as used in [Kol98]. O
4.2.4.3 Conclusion

We are now in position to conclude the proof of Theorem 4.2.1 [at least in case
F(s,x) = —G(s) + h(x), with G convex]. Let Yy € PSH(X, w) be a continuous
solution to

(@ + dd o) = e TV,

Fix u; € C°(X) arbitrary smooth functions which uniformly converge to v
and let ¥; € PSH(X, w) N C*°(X) be the unique smooth solutions of

(w+ddvy;)' = cje_F(”f'x)a)",

normalized by | v(W¥; — Yo)o" = 0. Here ¢; € R are normalizing constants wich
converge to 1 as j — 400, such that

Cj/ e~ F 70 gy =/a)",
X X

and the existence (and uniqueness) of the ¥;’s is provided by Yau’s celebrated result
[Yau78]. It follows from the stability estimate (Theorem 4.2.8) that

¥ — YollLeo(xy —> O as j — +o0,
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hence
Consider the complex Monge—Ampere flows

3(,0[,]' (C() + ddc(p[j)n
wl‘l

ot

= log + F(p1j,x) —logcy,

with initial data ¢o ; := ;. It follows from Lemma 4.2.2 that

3

ler; — irllieoexory < €T W) — illLoocx) + |loge; —logex
thus (¢;.;); is a Cauchy sequence in the Banach space C° (X x [0, T']). We set

(p[ = 11m (pt,j (S CO (X X [Oa T]) .
Jj—>+o0

Note that ¢; € PSH(X, w) for each ¢ € [0, T] fixed and ¢y = ¥ = limeo ;
by continuity. Proposition 4.2.7 shows moreover that (¢; ;); is a Cauchy sequence
in the Fréchet space C*° (X x (0, T]), hence (x,7) — ¢;(x) € C* (X x (0, T]).
Observe that

@o.jllLeecxy = 1F (), x) = Fuj, x) oo xy < Cllyrj —ujllreexy — 0.
Lemma 4.2.4 therefore yields for all # > 0,

D || 7 00 = lim ;i |l 700 <C lim 0o i |7 00 =0.
el oo (x) j_>+oo”(p”’”L x) = j_>+oo||<ﬂo,/||L (x)

This shows that ¢ — ¢, is constant on (0, 7], hence constant on [0, T] by
continuity. Therefore o = ¢; is smooth, as claimed.

4.3 Degenerate Parabolic Complex Monge-Ampere
Equations

Until further notice, (X, wy) denotes a compact Kédhler manifold of dimension n
endowed with a reference Kihler form.

4.3.1 The Ample Locus

Recall that the pseudoeffective cone in H''(X,R) is the closed convex cone of
classes of closed positive (1, 1)-currents in X. A (1, 1)-class « in the interior of the
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pseudoeffective cone is said to be big. Equivalently, « is big iff it can be represented
by a Kdhler current, i.e. a closed (1, 1)-current 7' which is strictly positive in the
sense that T > cwy for some ¢ > 0. In the special case where the (1, 1)-form 6 is
semipositive, it follows from [DemPaun04] that its class is big iff f ¥ 0" > 0,i.e. iff
6 is a Kéhler form on at least an open subset of X.

The following result is a consequence of Demailly’s regularization theorem
[Dem92] (cf. [DemPaun04, Theorem 3.4]).

Lemma 4.3.1. Let 0 be a closed real (1, 1)-form on X, and assume that its class in
HU (X, R) is big. Then there exists a 0-psh function Y9 < 0 such that:

(i) Yo is of class C* on a Zariski open set Q C X,
(ii) Y9 — —o0 near 012,
(iii) wq = (0 +dd V) |q is the restriction to Q of a Kihler form on a
compactification X of Q dominating X .

More precisely, condition (iii) means that there exists a compact Kédhler manifold
(X wy) and a modification 7 : X — X such that 7 is an isomorphism over €2 and
*wg = oy on 11 (Q).

By the Noetherian property of closed analytic subsets, it is easy to see that the set
of all Zariski open subsets €2 so obtained admits a largest element, called the ample
locus of 8 and denoted by Amp (8) (see [Bou04, Theorem 3.17]). Note that Amp (6)
only depends on the cohomology class of 6.

For later use, we also note:

Lemma 4.3.2. Let 0 be a closed real (1, 1)-form with big cohomology class, and
let U C Amp (0) be an arbitrary Zariski open subset. We can then find a 0-psh
function ty such that ty is smooth on U and ty — —oo near dU.

Proof. Let vy be a function as in Lemma 4.3.1, with Q@ = Amp (8). Since 4 :=
X \ U is a closed analytic subset, it is easy to construct an wy-psh function p
with logarithmic poles along A (see for instance [DemPaun04]). We then set tyy :=
Yy + cp with ¢ > 0 small enough to have 6 + ddyy > Swyx forsome § > 0. O

4.3.2 The Main Result

In the next sections, we will provide a detailed proof of the following result, which
is a mild generalization of the technical heart of [ST09]. The assumptions on the
measure i will become more transparent in the context of the Kéhler—Ricci flow on
varieties with log-terminal singularities, cf. Sect. 4.6.

Theorem 4.3.3. Let X be a compact Kihler manifold, T € (0,+00), and let
(6:)iepo.1) be a smooth path of closed semipositive (1, 1)-forms such that 6; > 0
for a fixed semipositive (1,1)-form 6 with big cohomology class. Let also . be
positive measure on X of the form
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+_ —
p=e"" "V oy

where

o Y* are quasi-psh functions on X (i.e. there exists C > 0 such that * are both
Cow X -psh);

o« eV e L? for some p > 1;

o Y* are smooth on a given Zariski open subset U C Amp (6).

For each continuous 0y-psh function oo € C°(X) N PSH(X, 8y), there exists a
unique bounded continuous function ¢ € C}? (U x[0,T)) with ¢|lyxgoy = @o and
such that on U x (0, T) ¢ is smooth and satisfies

% _ og [M} _ 4.9)
ot n

Furthermore, ¢ is in fact smooth up to time T, i.e. ¢ € C* (U x (0,T]).

Remark 4.3.4. Since ¢|xxy;) is bounded and 6;-psh on a Zariski open set of X,
it uniquely extends to a bounded 6,-psh function on X by standard properties of
psh functions. We get in this way a natural quasi-psh extension of ¢ to a bounded
function on X x [0, T'], but note that no continuity property is claimed on X x [0, T']
(see however Theorem 4.3.5 below).

As we shall see, uniqueness in Theorem 4.3.3 holds in a strong sense: we have

sup | —¢'| = sup ¢ — ¢
UX[0,T] U x{0}

for any two
@, ¢ € CY(Ux[0,T)NC® (U x(0,T))

satisfying (4.9) and such that the restriction to U x {0} of either ¢ or ¢’ extends
continuously to X x {0}.

In the geometric applications to the (unnormalized) Kihler—Ricci flow, the path
(6;) will be affine as a function of ¢. In that case, we have a global control on the
time derivative:

Theorem 4.3.5. With the notation of Theorem 4.3.3, assume further that (6;):c[0.1)
is an affine path. For each ¢ > 0, %—‘f is then bounded above on U x [e, T), and

bounded below on U x [, T — ¢|. In particular, the quasi-psh extension of ¢ to
X x [0, T] is continuous on X x (0, T), and on X x {T} as well.
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4.4 A Priori Estimates for Parabolic Complex
Monge-Ampere Equations

4.4.1 Setup

Recall that (X, wy) is a compact Kéhler manifold endowed with a reference Kihler
form. In this section, (6;)e[0,7] denotes a smooth path of Kdhler forms on X, and
we assume given a semipositive (1, 1)-form 6 with big cohomology class such that

0, > 6 fort €0, T].

Let also p be a smooth positive volume form on X, and suppose that ¢ €
C® (X x [0, T]) satisfies

(4.10)

3_‘/’ —1lo 6 + ddC(P)n
or 8 " '

Our goal is to provide a priori estimates on ¢ that only depend on 6, the sup norm
of @0 1= @|xx{o}, and the L”-norm and certain Hessian bounds for the density f of
. More precisely, we will prove the following result:

Theorem 4.4.1. With the above notation, suppose that | is written as
+_ —
p=e"" "V oy

with Y+ € C®(X), and assume given C > 0 and p > 1 such that

(i) —C <supy ¥+ < C anddd“y* > —Cuwy.
(i) le=V |l» < C.
(iti) |lgollco < C.

The C° norm of ¢ on X x [0, T] is then bounded in terms of 0, C, T, p and a bound
on the volume [, 0]' fort € [0,T].

Further, ¢ is bounded in C*° topology on Amp (0) x (0, T, uniformly in terms
of 0, C, T, p and C* bounds for (8;) on X x [0, T] and for * on Amp (9). More
explicitly, for each compact set K € Amp (6), each ¢ > 0 and each k € N, the
C*-norm of ¢ on K x [e, T] is bounded in terms of 6, C, T, p and C > bounds for
(6,) on X x [0, T] and for y* in any given neighborhood of K.

During the proof, we shall use the following notation. We introduce the smooth
path of Kéhler forms

wy 1= 9{ + ddc(pt,

and denote by A, = tr,,dd® the corresponding time-dependent Laplacian operator
on functions. We trivially have
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0
(g—Ar)(/’Zﬁb‘f‘trO,(@t)—”, (4.11)

where ¢ is a short-hand for 3—‘” Writing 9, for the time-derivative of 6;, it is also
immediate to see that

9 .
(5 - A,) G (4.12)

To simplify the notation, we set 2 := Amp (), and choose a §-psh function vy as
in Lemma 4.3.1, so that ¢y — —oo near 92 and

= (0 +dd“yy)a

is the restriction to 2 of a Kihler form on a compactification of €2 dominating X .
Since 6, > 0 for all ¢, (4.11) shows that

a
(E - AI) (p—vY6) = ¢ + trg,(we) —n (4.13)

on Q2 x [0, T].

As a matter of terminology, we shall say that a quantity is under control if it can
be bounded by a constant only depending on the desired quantities within the proof
of a given lemma.

4.4.2 A Global C -Estimate

Lemma 4.4.2. Suppose that ¢ € C*® (X x [0, T]) satisfies (4.10). Assume given
C >0, p > 1 such that

(i) [y 08 <C fort €l0,T];
(it) [y > C~'Vand | f|lLr < C forthe density [ := p/wh.

Then there exists a constant A > 0 only depending on 8, p, T and C such that

sup @[ < sup |p|+ 4.
X x[0,T] X x{0}

Proof.  Step 0: an auxiliary construction. We introduce an auxiliary function,

which will also be used in the proof of Lemma 4.4.4 below. For ¢ € (0,1/2]
introduce the Kéhler form

ne:=(1—¢)0 + fwy,
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¢ :=log (ff’f) .

Since 6; is a continuous family of Kéhler forms, we can fix & > 0 small enough
such that 6, > ewy forall ¢ € [0, T]. Since f ¥ 6" is positive, ¢, is under control,
even though ¢ itself is not! Observe also that 6, > (1 — €)6 + ¢6,, and hence

and set

6, > ne fort € [0,T]. 4.14)

By [Yau78] there exists a unique smooth 7.-psh function p, such that
supy p. = 0 and

(e + dd pe)" = e pu. (4.15)
Since the L”-norm of the density of e is under control and since

30 < 1. <0+ wx < Clox

with C; > O only depending on 6, the uniform version of Kolodziej’s
L>-estimates [EGZ09] shows that the C° norm of p, is under control.
Step 1: lower bound. Consider 7, and p; as in Step 0, and set

H :=¢—p.—cet.
By (4.15) and (4.14) we get

oH . 6; +ddp. +dd°H)" -1 (6, +dd p. +dd“H)"

_— 0 - 0 n
o 8T (etddp)r 8 (6 +ddpo)

on X x [0, T'], and hence infyxjo,r] H = infyxo; H by Proposition 4.1.3. Since
¢, and the C° norm of pe are both under control, we get the desired lower bound
for ¢.

Step 2: upper bound. By non-negativity of the relative entropy of the probability
measure [/ f . with respect to

(6, +dd ey efp

fer e

(or, in other words, by concavity of the logarithm and Jensen’s inequality), we

have
J () -4)oo
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It follows that

i (o) = ([uee(for) ([ )
=Sl (/ wg})l_w logC +e7! =: 4

is under control, and hence

sup S o - S oop
1€[0,T] fM fM

4+ AT <supgy+ AT
X

with A; > 0 under control. We claim that there exists B > 0 under control such
that

Liw | p

supy <
X
for all 6-psh functions . Applying this with ¥ = ¢, will yield the desired
control on its upper bound. By Skoda’s integrability theorem in its uniform
version [Zer01], there exist § > 0 and B > 0 only depending on 6 such that

/e_wa);’( <B

for all 6-psh functions ¥ normalized by supy ¥ = 0. By Holder’s inequality, it
follows that | e_‘w,u < B’ with §’, B” under control, and the claim follows by
Jensen’s inequality. O

Remark 4.4.3. The proof given above is directly inspired from that of [STO9,
Lemma 3.8]. Let us stress, as a pedagogical note to the non expert reader, that the
C'-estimate thus follows from

The elementary maximum principle (Proposition 4.1.3);

Kolodziej’s L*° estimate for solutions of Monge—Ampere equations [Kol98,
EGZ09];

Skoda’s exponential integrability theorem for psh functions (which is in fact also
an ingredient in the previous item).

4.4.3 Bounding the Time-Derivative and the Laplacian

on the Ample Locus

Lemma 4.4.4. Suppose that ¢ € C* (X x [0, T']) satisfies (4.10). Assume that the
volume form [ is written as
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+_ —
p=e"" "V oy

with y* € C®(X), and let C > 0 be a constant such that

(i) —Cwy <6, < Coy fort €[0,T];
(i) supy = < C;
(iii) dd“y* > —Cuwy.

For each compact set K C Q, we can then find A > 0 only depending on K, 0, T
and C such that

sup ¢ (|¢|+log|Ag|) < A|1+ sup |p|—infy™ |,
Kx[0.T] Xx[0.T] K

where A denotes the Laplacian with respect to the reference metric wy.

Proof. Since wq extends to a Kédhler form on a compactification of €2 dominating
X, there exists a constant ¢ > 0 under control such that wg > cwy, and hence

0, +dd Y9 > cwy (4.16)

on © x [0, T'] since 6, > 6.

Step 1: upper bound for ¢. We want to apply the maximum principle to
HY =19+ Ao — ),

with a constant A > 0 to be specified in a moment. Thanks to (4.12) and (4.13),
we get

9 , .
(E — A,) HY < —(A—1)¢ + tro, (ze, — Awg) + An.

By (i) and (4.16) we have
té, — Awqg < TCwy —Acwy.
Choosing
A:=c"'TC + 1,

we obtain

]
(E—A,) HY <—A1¢ + A (4.17)
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with A;, Ay > 0 under control. We are now in a position to apply the maximum
principle. Since ¥y — —oo near 32, H* achieves its maximum on  x [0, T]
at some point (xo, ). If tp = 0 then

sup HT < —Ainfo,
Qx[0.T] X

since g < 0.If £, > O then (a% —A)H' > 0at (x0,1), and (4.17) yields an
upper bound for ¢ at (xo, ). It follows that

sup HT < C;— Ainfe.
Qx[0,T] X

with C; > 0 under control. Since vy is bounded below on the given compact set
K C 2, we get in particular the desired upper bound on 7¢.
Step 2: lower bound for ¢. We now want to apply the maximum principle to

H =t(—¢ +2¥7) + AW — @),

which satisfies by (4.12) and (4.13)

ad . :
(E — A,) H™ < —(A+1)p+2¢ ™ +tr,, (—t@, —2tdd“ ™ — Awg)+An.
(4.18)

On the one hand, note that

n
Wy

—¢ = log (J) +yt -y,

and hence

n
—p < (¢—297) +2log (w—X) +2C
Wy
since supy ¥+ < C. Using ¥4 < 0, we also have 1 (¢ — 2y ™) < —(H™ + Ag),
and we get

n

—(A+Dg+2y~ < =t 1 (A+1)(H 4+ Ap)+2(A+1) log (ZX ) +(2A+4)C

n
t

on X x (0, T}, using this time supy ¥~ < C. On the other hand, (i), (iii) and
(4.16) show that

—16, = 2tdd‘ Y~ — Awg < (3TC — Ac)wy.

which is bounded above by —wy if we choose



216 S. Boucksom and V. Gued;j

A=c1@BTC+1).

Plugging these estimates into (4.18), we obtain

n

(8% — At) H™ < —t_l(A+1)(H_+A(p)+2(A+1)log (w—)’f)—trw[(a)x)+cz
wy

on Q x (0,T], with C; > 0 under control. By the arithmetico-geometric
inequality and the fact that 2(A4 + 1)logy — ny'/” is bounded above for y €
(0, +o0[, we have

n

n n l/n
2(A+ 1)log (w—X) —try, (0x) < 2(A + 1)log (w—X) —n (w—X) =G
,

n
' wy

and hence

(a% — A,) H™ < —t""(A+ 1)(H™ + Ap) + C4 (4.19)

with C3,C4 > 0 under control. We can now apply the maximum principle to
obtain as before

sup H™ <Cs— Ainfo.
Qx[0.T] X

this yields the desired lower bound on ¢.
Step 3: Laplacian bound. We are going to apply the maximum principle to

H = t(logtr wy (@) + ¥7) + Ao — ),

with A > 0 to be specified below. Since wg extends to a Kédhler metric on some
compactification of €2, its holomorphic bisectional curvature is bounded below
by —C; with C; > 0 under control, and Proposition 4.1.2 yields

tr o Ric(w;)

— Aslogtr, <
gt (@) = 2y @

+ Cltl'wt (wg). (4.20)

On the one hand, we have Ric(w,;) = Ric(u) — dd ¢ since w!! = e? . On the
other hand,

tr g (9t +dd ¢;)
tr wq (C()[)

)

a
5 logtr o, (w;) =

and hence
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tr g, (Ric(u) + éf>

tr wQ (wt )

0
(— — At) log tr g, () < + Citr o, (wgq).

ot
Now ét < Cwy by assumption, and
Ric(u) = —dd“y™ +dd ™ + Ric(wy) < Crowg +dd ¥~
for some C, > 0 under control, using dd”v,ﬁJr > —Cc_la)g and
Ric(wy) < C'wy < C'c 'wy.

It follows that

Cs + Awg v

Cit
tr g, (@;) T Citfw (@a)

0
(5 — A,) log tr g, () <

with C;3 > 0 under control. In order to absorb the term involving ¥~ in the
left-hand side, we note that Cc ™' wg + dd ‘¢~ > 0, and hence

Cclwg +dd“ Y™ < tr,, (Cc ' wg + dd Vv ),
which yields after taking the trace with respect to wg

nCe™ ' + Ay ¥~

0<
tr wq (C()[)

< Cctr g, (0) + A
Using the trivial inequality tr ., (w/)tr o, (W) > 1 we arrive at

(% — A,f) (log tr g (@r) + ¥ ) < Cytr, (wg) (4.21)

with C; > 0 under control. By (4.21) and (4.11) we thus get

ad
(5 — A,f) H <logtr,,(w) + ¥~ — A@ + (C4T — A)tr, (wg).

Lemma 4.1.1 shows that
logtr g () + ¥~ < ¢ + (n— 1) logtr,, (wg) + Cs, (4.22)

since supy Y+ < C and wy < Ciwq. If we choose 4 := C4T + 2, we finally
obtain
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0
(5 - Af) H < —try, (wg) — Cep + C7, (4.23)
since (n —1)logy —2y < —y + O(1) for y € (0, +00).

We are now in a position to apply the maximum principle. Since ¥y — —oo near

0S2, there exists (xo, 7o) € Q x [0, T'] such that H(xo, %) = supgyjor H.1f 10 =0
then

sup H < Asup|<p0|
Qx[0.7]

using Yy < 0. If 7o > O then (% — A,) H > 0at (xo, ), and (4.23) yields
tr o, (@) + Co < C7,
and in particular ¢ < C7/Cg, at (x, tp). Plugging this into (4.22), it follows that
108 ug (@) + ¥~ < ¢ + (1 — 1) log(—Ce + C7) + Cs

at (xo, to). Since y + (n—1) log(—Csy + C7) is bounded above for y €]—o0, C7/Cy|,
we get logtr ., (w) + ¥~ < Cg at (xo, #), and hence

sup H = H(xo,t0) <A sup |¢|+ TCs.
Qx[0.7] Xx[0,7]

Finally, there exists a constant Cx > 0 such that on the given compact set K C €
we have Yy > —Ck and wg < Cgw, and the result follows. O

Remark 4.4.5. The arguments used to bound the time-derivative are a combination
of the proofs of Lemmas 3.2 and 3.9 in [ST09]. The proof of the Laplacian bound
is similar in essence to that of [ST09, Lemma 3.3].

4.4.4 Bounding the Time Derivative in the Affine Case

Lemma 4.4.6. Under the assumptions of Lemma 4.4.2, suppose that (6;) is an
affine path, so that 6, is independent of t. Then we have

sup (t¢) =2 sup ||+ nT,
Xx[0,T] Xx[0,T]

and for each T' < T there exists A > 0 only depending on 6, C, p and T' such
that
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inf (t¢)>—-A|1+ su .
Xx[0,T7] ¢ ( XX[()I,)T] I(pl)
Proof. The upper bound follows directly from the maximum principle applied to
HY :=t¢p—¢ —nt,

which satisfies

0 .
(E - A,) HY =t (16, — 6)) = tr,, (~60) <0

on X x [0,T]. To get the lower bound, take p, as in Step O of the proof of
Lemma 4.4.2, and set

H™ = —t¢p— Ap + p..

where A > 0 will be specified in a moment. We then have

ad . ,
(5 - A,) H™ =—(A+ )¢ +tr, (—t6, — A6, —dd‘ p.) + An.

Since 6; is affine, we have
. . t .
A0, +16, = A (90 + 16, + Z@;) = AQ(A+l)t/A7

and hence
Ab, + 16, > n,

fort € [0, 7] by (4.14), if we fix A > 1 such that (4 + 1)T’/A < T. With this
choice of A we geton X x [0, T”]

9 ,
(5 — Af) H™ < (A+1)log (i) —tr o, (1 + dd°p,) + An
w

t

1/n
<(A+1)log (wﬁ) ~ neteln (wﬁ) < A

t t

with A; > 0 under control, using the arithmetico-geometric inequality, (4.15) and
the fact that (A + 1)logy — ne“/"y!/" is bounded above for y € (0, 4+00). The
lower bound for ¢ follows from the maximum principle, since supy |p.| is under
control. O
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Remark 4.4.7. This result corresponds to [ST09, Lemma 3.21].

4.4.5 Proof of Theorem 4.4.1

We are now in a position to prove Theorem 4.4.1. Since supy ¥ is assumed to
be bounded below, the mean value inequality for Cwy-psh functions shows that
f w+a)”X is also bounded below. By Jensen’s inequality and the upper bound on
¥, it follows that condition (i) in Lemma 4.4.2 is satisfied. Using the upper bound
on w+ and the L? bound for e, we also check condition (ii) of Lemma 4.4.2,
which therefore shows that the sup-norm of ¢ on X x [0, T'] is bounded in terms
of C.

By Lemma 4.4.4, on any given neighborhood of K X [g, T] |¢| and |Ag| are
bounded in terms of the C, the C' norm of (6,) on X x [0, 7] and the C° norm of
¥~ on the neighborhood in question. We conclude by applying the Evans—Krylov
type estimates of Theorem 4.1.4 locally on the ample locus of 6.

4.5 Proof of the Main Theorem

Our goal in this section is to prove Theorems 4.3.3 and 4.3.5.

4.5.1 The Non-degenerate Case

As a first step towards the proof of Theorem 4.3.3, we first consider the non-
degenerate case, which amounts to the following result:

Theorem 4.5.1. Let X be a compact Kahler manifold and 0 < T < +o0o. Let
(6:)iep0.1) be a smooth family of Kihler forms on X and let (1 be a smooth positive
volume form. If ¢y € C®°(X) is strictly Oy-psh, i.e. 0y + dd gy > 0, then there
exists a unique ¢ € C* (X x [0, T]) such that ¢|xxj0y = @o and

de |:(9r + ddcw)ni|
ot n

on X x[0,T].

At least in the case of the Kiahler—Ricci flow, this result goes back to [Cao85,
Tsu88, Tzha06], see Theorem 3.3.1 in Chap. 3 of the present volume. But since the

above statement follows directly from the a priori estimates we have proved so far
(Theorem 4.4.1), we may as well provide a proof for completeness.
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Proof. Uniqueness follows from the maximum principle (Proposition 4.1.3). By the
general theory of non-linear parabolic equations, the solution ¢ is defined on a
maximal half-open interval [0, 77) with T’ < T. Since (6;);[o,r] is a smooth path
of Kiahler metrics, we have 6, > cwy forallt € [0, T] if ¢ > 0 is small enough, and
we may thus apply Theorem 4.4.1 with 0 = cwy and K = X = Amp (0) to get
that all C¥ norms of ¢ are bounded on X x [¢, T’) for any fixed & > 0. It follows that
¢ extends to a C* function on X x [0, T’]. Since ¢ is in particular bounded below,
the smooth function ¢|xx¢ry is strictly 07/-psh. By the local existence result, we
conclude that 7/ = T, since ¢ could otherwise be extended beyond the maximal
existence time 7. a

4.5.2 A Stability Estimate

If p,¢" € C* (X x [0, T]) are two solutions as in Theorem 4.5.1 corresponding
to two initial data ¢o, ¢) € C*°(X), the maximum principle of Proposition 4.1.3
immediately implies that

lo — ¢/||C0(X><[0,T]) < lloo — </’(/)||c°(X)-
In order to treat the general case of Theorem 4.3.3, we need to generalize this
estimate when the path of Kéhler metrics (6,) is allowed to vary as well.

Proposition 4.5.2. Let (6;)icpo,r) and (8));ejo.r) be two smooth paths of Kihler
metrics on X, and suppose that ¢, ¢’ € C*° (X x [0, T]) satisfy

dg [(Gt + dd‘#ﬂ"}
ot u

and
d¢’ [(9{ + dd”@)”}
— =log| ——MM|,
ot n
with the same volume form [ in both cases. As in Theorem 4.4.1, write | as

+_7
pw=e"" "V

with y* € C®(X), and assume given C > 0 and p > 1 such that

(i) 6, < Cwy and 0] < Cwy fort € [0,T];
(ii) —C < supy vyt < C;
(iii) dd“y* > —Cwy;

(iv) lle™ Jl» < C.
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Finally, let 6 be a semipositive (1, 1)-form with big cohomology class such that
(v) 6, >0 andf >0 fort €[0,T].

For each compact subset K € Amp (0), we can then find a constant A > 0 only
depending on K, 0, C, p and T such that

o — <P/||c0(1<x[o.r]) < lloo — (P(/)”C"(X)
+4 (14 Ionleouo + oplleniy = nf v )

16: = 07 llcocx xjo. -

Proof. Set N := |lgo — ggllcocxy and M = |60, — 6]||cocxxjo,rp- We may assume
that M > 0, and we set for A € [0, M|

6 :=(1-4)6, + 26,

For each A fixed, (Of)m[oj] is a smooth path of Kéhler forms, and Theorem 4.5.1
yields a unique solution * € C* (X x [0, T]) to the parabolic complex Monge—
Ampere equation

dp* (0} + dd¢*)"
—_— 10g e —
ot Iz (4.24)
o lxxgoy = (1— 1) 0o + 204

By the local existence theory, ¢* depends smoothly on the parameter A. If we denote
by A} the Laplacian with respect to the Kéhler form

th = 6’? + dd”(p,x,

G\ (M) _ 96}
(i) (5 ) = (52)

then we have

and hence

9 3 (39 -1 /

E — At B_A, =M trth (Qt — 9;) < trth(wx), (425)
by definition of M.

Using the notation of Sect. 4.4.1, we are going to apply the maximum principle
to the function H € C*° (2 x [0, T']) defined by
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o A dp* - 2 A
H:=e¢ o) TAY T4 (Vo — ¢,
where A > 0 will be specified below. Using (4.13), (4.25) and dd“v~ > —Cwy,
we compute

ad dp*
(E — A?L) H < —Ae_A’ (W) + trwt/\ (E_AICUX + ACC()X)

+ A%log li — | = A% 0t (00) + A’n
(r)
= —AH + Ay~ + Ao — ¢") + (1 + AC)tr 2 (wx)
Wy
(@!)"
Since wqg > cwy for some ¢ > 0 under control, the arithmetico-geometric
inequality allows us, just as before, to choose A >> 1 under control such that

+ A2yt — A%y~ + A’log [ } — A%t 2 (wg) + A%n.

n
(1+ AO)tr i (wy) + A% log [;”—j‘)} — A i (wg) < A
t

with A; > 0 under control. By Lemma 4.4.2, there exists A, > 0 under control such
that

sup |p*] < llvollcocxy + el cocxy + Ao (4.26)
Xx[0.T]

Using ¥ < C and ¥4 < 0, we finally get

0
(5 - A?) H < —AH + A (llgollcoxy + 94llcoxy) + A3

with A3 > 0 under control. Now
Hloxioy < M7'N + Ay~ + A (|eollcoxy + ll@gllcoxy) -
and the maximum principle thus yields

sup H<M'N + Ay (14 l@ollcoxy + legleoxy) -
Qx[0.7]

Since ¥y is bounded below on the given compact set K, we get using again (4.26)
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dp* _ . _
Sup - <M7'N + 45 (1 + llwollcocxy + llgollcocxy — inf v ) .
Kx[0.T] K

Integrating with respect to A € [0, M] and exchanging the roles of ¢ and ¢’ yields
the desired result. O

Remark 4.5.3. The proof of Proposition 4.5.2 is directly adapted from that of
[ST09, Lemma 3.14].

4.5.3 The General Case

We now consider as in Theorem 4.3.3 a smooth path (6;);ejo,7] of closed semiposi-
tive (1, 1)-forms such that 8, > 6 for a fixed closed semipositive (1, 1)-form 6 with
big cohomology class. Let i be a positive measure on X of the form

+__
pw=-e’" "V wh

where

+ T are quasi-psh functions on X (i.e. there exists C > 0 such that ¥ are both
Cw X -psh);

e ¢V € LPforsome p > I;

« T are smooth on a given Zariski open subset U C Amp (9).

Given ¢y € C°X) N PSH(X,#), our goal is to prove the existence and
uniqueness of

@ eCY(UxX[0,T)NC>® U x(0,T))

such that ¢ |y xg0y = ¢o and

% _ og [—((’f +dd"g) } (4.27)

ot u

onU x (0,7).

4.5.3.1 Existence

We regularize the data. By Demailly [Dem92], there exist two sequences wki €
C°°(X) such that

. wki decreases pointwise to ¥+ on X, and the convergence is in C* topology
onU;



4 Regularizing Properties of the Kiahler—Ricci Flow 225

. dd"w]fc > —Cwy for a fixed constant C > 0.

Note that |sup x w,;t ‘ is bounded independently of k, while we have for all k
le ™ e < lle™ L.

By Richberg’s theorem, we similarly get a decreasing sequence (p({ € C*®(X) such
that §; := supy )qpé - (po) — 0 and 6y + dd¢] > —&;w with &; — 0. We then
set

. 0/ =0, + gjwyx;

+ _
. /~'Lk,l — ewk _‘//1 0);

Since (th )tefo,7] is @ smooth path of Kihler forms, 1 is a smooth positive volume

form and ¢} is smooth and strictly 9({ -psh, Theorem 4.5.1 shows that there exists a
unique function ¢/ € C% (X x [0, T]) such that

ik (Hf + dd”qof’k'ly
= log
ot Mk (4.28)

o oy = @4 -

By Theorem 4.4.1, ¢/ is uniformly bounded on X x [0, 7], and bounded in C >
topology on U x (0, T].

Furthermore, the maximum principle (Proposition 4.1.3) shows that for each j
fixed the sequence ¢/* is increasing (resp. decreasing) with respect to k (resp. /).
As a consequence,

o= lim g4 ) = lim g
define bounded functions on X x [0, T'] that are uniformly bounded in C*° topology
on U x (0, T]. Note also that ¢/ | Xx{0} = (pé by construction. The stability estimate
of Proposition 4.5.2 shows that for each compact K C U there exists Ag > 0 such
that

sup | — oI K | < A (8 +8; + & +¢5) (4.29)
Kx[0,T]

forall i, j, k,I, and hence

sup ‘gpi —(pj‘ <Ag (8 +8; + & +¢j)
KX[0,7T]

for all i, j. As a consequence, (¢') is a Cauchy sequence in the Fréchet space
C° (U x [0, T]), and hence converges uniformly on compact sets of U x [0, 7] to a
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bounded function ¢ € C° (U x [0, T]), the convergence being in C* topology on
U x (0, T]. Passing to the limit in (4.28) shows that ¢ satisfies (4.27)on U x (0, T),
and ¢ coincides with gy = lim; ¢ on U x {0}.
4.5.3.2 Uniqueness
Let ¢ be the function just constructed, and suppose that

@ e CYH(UX[0,T)NC®U x(0,T))

satisfies (4.27). We are going to show that

sup g —¢'| = sup |p—¢'|,
Ux[0,T] Ux{0}

which will in particular imply the desired uniqueness statement.
By Lemma 4.3.2, we can choose a 0-psh function 7y < 0 that is smooth on U and
tends to —oo near U . Fix 0 < ¢ <« 1 with ¢ 6 < wy, so that wy + cdd Ty > 0.
For a given index j define H/ € C°(U x [0,T)) N C*® (U x (0,T)) by

H/ :=¢) —¢' —cety,

using the same notation as in the proof of the existence of ¢. On U x (0, T') we have

OH/ o [(6; + ¢;0x +dd ¢’ )"
o BT (6 xdde)
b _(9, +dd‘¢' +dd°H/ + ¢ (wx +cddCrU))n
dl 6, +dd°g)"
(6, +dd‘¢’ +dd°HI)"
> log Uk (p+c 7 ) )
i (0 +dd ¢
and hence

inf H/ = inf H/
Ux[0,T) Ux{0}

by Proposition 4.1.3. Since (p({ — @p uniformly on U x {0} and 7y < 0, we get in
the limit as j — oo

inf —¢") > inf (¢ — ¢").
UX[O,T)@ w)_UX{O}(qJ ®)
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In order to prove the similar inequality with the roles of ¢ and ¢’ exchanged, we
need to introduce yet another parameter in the construction of ¢, in order to allow
more flexibility. For each § € [0, 1), (1 —§)¢/ is smooth and strictly (1 — §)6; -psh,
and Theorem 4.5.1 thus yields a unique function ¢%/%/ € C* (X x [0, T]) such
that

8.jkd ((1 ~ 86/ + dd“@&j,k,l)”
at Pkt (4.30)

" gy = (1= 8)g’.

If we further require that § € [0, 1/2], then (1 — 8)9,] > %9 for all j and ¢, and we
thus see just as before that ¢%/* is monotonic with respect to k and /, uniformly
bounded on X x [0, 7] and bounded in C*° topology on U x (0, T], and that for

each compact K € U we have an estimate

sup ‘¢8,i,k,l — @8‘j‘k’l‘ < Ag(si +¢e; + 8 +6;).
KX[0.T)

We may thus consider

¢’ = lim lim lim ¢
Jj—>00 k—>00l—>00

§.jk.d
9

which belongs to C° (U x [0, T]) N C% (U x (0, T)) and satisfies

g’ |:((1 —8)0, + dd“¢®)" :|
— = ]og .
ot u

. ikl 8.jk] j ' .
Since [log"" — @y’ lcocx) and 16/ —(1-8)6/ lcox x[o,77) are both O(8) uniformly

with respect to j, k, [, Proposition 4.5.2 shows that

sup [t/ — @Il | < Cx
KX[0.T]

for each compact K € U, with Cx > 0 independent of §, j, k, [, and hence in the
limit

sup |o® — | < Ck$ (4.31)
Kx[0.T]

for all § € [0,1/2]. Now define for each § € [0,1/2] a function H® e
C'(Ux[0,T)NC>® (U x (0,T]) by

HY = ¢ —¢® —81y.
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We have

ot (1 =8)6; + dd‘¢®)"

o ((1—8)0, +dd¢® +dd“H®)"
- ((1=8)6, + dd“¢?)" '

0H" _ | [((1 —8)0; +dd ¢’ + (6 + dd‘w) + dd"HS)":|
27 og

and hence
inf H® = inf H’.
UX[0,T] U x{0}
Since ty < 0, we get
¢ — ¢ >8ty + inf (¢ —(1=298)p)
U x{0}

on U x [0, T'], and hence

nf — > inf —
U;[OT](w @) = U{}(w ®)

in the limit as § — 0, using (4.31) and the fact that ¢ is bounded.

4.5.4 The Affine Case: Proof of Theorem 4.3.5

We use the notation of the existence proof above. If (¢;) is an affine path, then so
is ] = 9, + g;wyx. We may thus apply Lemma 4.4.6 to conclude that for each

[e, T], and uniformly bounded
below on X x [e, T — €. Since ¢ is a limit of ¢/* in C*°-topology on U x (0, T],
we conclude as desired that %—‘f is bounded above on U X [g, T'] and bounded below
onU x [, T —¢].

Denote also by ¢ the quasi-psh extension to X x [0, T'] and let ¢ > 0. Since the
time derivative is bounded above on X X [, T, there exists C, > 0 such that

0, +ddp)" < Cept

on X x {t} foreach t € [¢, T]. By the results of [EGZ11] (which rely on viscosity
techniques), if follows that ¢ is continuous on X x {¢} for each ¢ € [¢, T]. Since the
time derivative is bounded on U X [e, T —¢], ¢ is also uniformly Lipschitz continuous

in the time variable on X X [e, T — ¢], and it follows as desired that ¢ is continuous
on X x (0,7).
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Remark 4.5.4. 1t is of course reasonable to expect that ¢ is in fact continuous on
the whole of X x [0, T'].

4.6 The Kihler-Ricci Flow on a Log Terminal Variety

4.6.1 Forms and Currents with Local Potentials

Let X be a complex analytic space with normal singularities, and denote by # its
dimension. Since closed (1, 1)-forms and currents on X are not necessarily locally
dd‘-exact in general, we need to rely on a specific terminology (compare [EGZ09,
Sect. 5.2]). We refer for instance to [Dem85] for the basic facts on smooth functions,
distributions and psh functions on a complex analytic space. The main point for us is
that any psh function on X uniquely extends to a psh function on X by normality,
see [GR56]. For lack of a proper reference, we include:

Lemma 4.6.1. Any pluriharmonic distribution on X is locally the real part of a
holomorphic function, i.e. the kernel of the dd“ operator on the sheaf D'y of germs
of distributions coincides with the sheaf WOy of real parts of holomorphic germs.

Proof. If u € DY satisfies dd“u = 0, then £u is psh on X, and hence extends
to a psh function on X by Grauert and Remmert [GR56]. In particular, =« is usc
and bounded above, which means that u is the germ of a continuous (finite valued)
function.

From there on, the proof is basically the same as [FS90, Proposition 1.1]. Let r :
X’ — X be a proper bimeromorphic morphism with X’ smooth. Since +(u o 1) is
psh on the complex manifold X', we have u € mx (ROx/). We will thus be done if
we prove that

T (EROX/) = EROX

Since X is normal, Zariski’s main theorem implies that 7. Oy, = Oy, and hence &
has connected fibers. The claim is thus that the coboundary morphism

7« MOx/) = R'74(iR) (4.32)
associated to the short exact sequence
0—iR— Oy — ROy =0
is zero. For each x € X, the composition of (4.32) with the restriction morphism

R'm, (iR), - H' (77 (x).iR) (4.33)
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is zero, because it factors through
HO (n7'(x), RO,—1(,)) =R

by the maximum principle, 7~!(x) being compact and connected. But (4.33) is
in fact an isomorphism, just because & is a proper map between locally compact
spaces (cf. for instance [Dem09, Theorem 9.10, p. 223]), and it follows as desired
that (4.32) is zero. |

Definition 4.6.2. A (1, 1)-form (resp. (1, 1)-current) with local potentials on X is
defined to be a section of the quotient sheaf C°/NOx (resp. Dy /ROx). We also
introduce the Bott—Chern cohomology space

Hyl (X) := H' (X, ROy).

Thanks to Lemma 4.6.1, a (1, 1)-form with local potentials can be more concretely
described as a closed (1, 1)-form 6 on X that is locally of the form 8 = dd‘u for
a smooth function u. We say that 0 is a Kdahler form if u is strictly psh. Similarly, a
closed (1, 1)-current T with local potentials is locally of the form dd ‘g where ¢ is
a distribution. Since X is normal, and hence locally irreducible, dd‘g is a positive
current iff ¢ is a psh function.

The sheaves C3° and D), being soft, hence acyclic, the cohomology long exact
sequence shows that H];’Cl (X) is isomorphic to the quotient of the space of (1, 1)-
forms (resp. currents) with local potentials by dd“C®(X) (resp. dd“D’'(X)). In
particular, any (1, 1)-current 7" with local potentials can be (globally) written as

T=0+ddy

where 0 is a (1, 1)-form with local potentials and ¢ is a distribution.
Note also that Hé’cl (X) is finite dimensional when X is compact, as follows from
the cohomology long exact sequence associated to

0—-iR—> 0Oy —-RO0x —0

and the finite dimensionality of H'(X, Ox) and H*(X,R).

Proposition 4.6.3. Let a € Hé’cl (X) be a (1, 1)-class on a normal complex space
X, and let T be a closed positive (1, 1)-current on X, representing the restriction
| x,, to the regular part of X. Then:

(i) T uniquely extends as a positive (1, 1)-current with local potentials on X, and
the dd°-class of the extension coincides with o;

(ii) if X is compact Kdhler and if T has locally bounded potentials on an open
subset U of Xeq, then the positive measure T", defined on U in the sense of
Bedford—Taylor, has finite total mass on U.



4 Regularizing Properties of the Kiahler—Ricci Flow 231

Proof. Let 6 be a (1, 1)-form with local potentials representing &. On Xy, we then
have T’ = 0|y,,, +dd ¢, where ¢ is a §-psh function on Xy.,. If U is a small enough
neighborhood of a given point of X, then 8 = dd “u for some smooth function u on
U, and u + ¢ is a psh function on Uy,. By the Riemann-type extension property for
psh functions [GR56], u + ¢ uniquely extends to a psh function on U, and (i) easily
follows.

Point (ii) follows from [BEGZI10, Proposition 1.16] (which is in turn an
easy consequence of Demailly’s regularization theorem [Dem92]). More precisely,
choose a resolution of singularities 7 : X’ — X, where X’ can be taken to be a
compact Kihler manifold and  is an isomorphism above Xy;. Denoting by (7*7")
the top-degree non-pluripolar product of 7*7T on X’ (in the sense of [BEGZ10]),

we then have
/ " :/ a*T" 5/ (Z*T") < 4o00. ]
U = 1(U) ’

We will also use the following simple fact.

Lemma 4.6.4. Let 7 : X' — X be a bimeromorphic morphism between normal
compact complex spaces, let A C X and A' C X' be closed analytic subsets of
codimension at least 2, and let u be a psh function on (X' \ A) N 77 1(X \ A).
Then u is constant.

Proof. Since A’ has codimension at least 2, u extends to a psh function on
77 '(X \ A) by Grauert and Remmert [GR56]. By Zariski’s main theorem, 7 has
connected fibers, and u therefore descends to a psh function v on X \ A, which
extends to a psh function on X since A has codimension at least 2. It follows that v
is constant. O

4.6.2 Log Terminal Singularities

Recall that a complex space X is Q-Gorenstein if it has normal singularities and
if its canonical bundle Ky exists as a Q-line bundle, which means that there exists
r € Nand aline bundle L on X such that L|y,, = rKy,,.

Let X be a Q-Gorenstein space, and choose a log resolution of X, i.e. a
projective bimeromorphic morphism 7 : X’ — X which is an isomorphism over
Xreg and whose exceptional divisor E = ). E; has simple normal crossings. There
is a unique collection of rational numbers a;, called the discrepancies of X (with
respect to the chosen log resolution) such that

KX’ ~Q JT*KX + ZaiE,',
i

where ~q denotes QQ-linear equivalence. By definition, X has log terminal singu-
larities iff a; > —1 for all i. This definition is independent of the choice of a log
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resolution; this will be a consequence of the following analytic interpretation of log
terminal singularities as a finite volume condition. As an example, quotient singular-
ities are log terminal, and conversely every two-dimensional log terminal singularity
is a quotient singularity (see for instance [KolMori98] for more information on log
terminal singularities).

After replacing X with a small open subset, we may choose a local generator o
of the line bundle rKx for some r € N*. Restricting to Xy, we define a smooth
positive volume form by setting

[ 1= (i”’zo A a)l/r . (4.34)

Such measures are called adapted measures in [EGZ09]. The key fact is then the
following analytic interpretation of the discrepancies:

Lemma 4.6.5. Let z; be a local equation of E;, defined on a neighborhoodU C X'
of a given point of E. Then we have

7t MU U\E = 1_[|Zt|2uldV

for some smooth volume form dV on U.

This result is a straightforward consequence of the change of variable formula.
As a consequence, a Q-Gorenstein variety X has log terminal singularities iff every
(locally defined) adapted measure p, has locally finite mass near each singular point
of X. The construction of adapted measures can be globalized as follows: let ¢ be a
smooth metric on the Q-line bundle Ky. Then

J _\ Ur

rn /\

py = =222 (4.35)
|U|r¢

becomes independent of the choice of a local generator o of Ky, and hence defines
a smooth positive volume form on X, which has locally finite mass near points of
Xging iff X is log terminal.

Remark 4.6.6. In [ST09], an adapted measure of the form ji¢ for a smooth metric ¢
on Ky is called a smooth volume form. We prefer to avoid this terminology, which
has the drawback that @” is in general not smooth in this sense even when o is
a smooth positive (1, 1)-form on X. This is in fact already the case for quotient
singularities.

The following result illustrates why log terminal singularities are natural in the
context of Kédhler—Einstein geometry.
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Proposition 4.6.7. Let X be a Q-Gorenstein compact Kdhler space, and let w be
a Kdhler form on Xi; with non-negative Ricci curvature. Assume also that [w] €
H];’Cl (Xreg) extends to X. Then X necessarily has log terminal singularities.

Recall that [w] extends to X iff w extends as a positive (1, 1)-current with local
potentials, by Proposition 4.6.3.

Proof. The volume form w", defined on X¢e, induces a Hermitian metric on K Xreg*
If o is a local generator of the line bundle 7Ky near a given singular point of X,
we can consider its pointwise norm |o| on Xy, and it is easy to check from the
definitions that

Ue = |a|2/rwn'

Since o is local generator, dd‘ log|o| is equal to minus the curvature form of the
metric on 7K., i.e.

dd‘log|o| = rRic(w).

The assumption therefore implies that log |o| is a local psh function on Xy, and
hence extends to a local psh function on X by Grauert and Remmert [GR56]. In
particular, log |o| is locally bounded above on X, and we thus get near each singular
point of X s, < Cw" for some constant C > 0. Since [w] extends to X, w”" has
finite total mass on X, by Proposition 4.6.3, and it follows as desired that j,; has
locally finite mass on X . O

4.6.3 The Kahler-Ricci Flow on a Log Terminal Variety

Given an initial projective variety X, with log terminal singularities and Ky,
pseudoeffective, each step of the Minimal Model Program produces a birational
morphism f : X — Y with X,Y projective and normal, X log terminal and
Kx f-ample. The following result, due to Song and Tian [ST09], shows that it
is then possible to run the (unnormalized) Ké&hler—Ricci flow on X, starting from an
initial positive current with continuous local potentials coming from Y (the actual
assumption on the initial current in [ST09] being in fact slightly more demanding).

Theorem 4.6.8. Let f : X — Y be a bimeromorphic morphism between two
normal compact Kéhler spaces such that X is log terminal and K x is f-ample. Let
also o € Hé’cl (Y) be a Kdhler class on Y, so that f*a + t[Kx] is a Kéihler class

in Hé’cl (X) for0 <t < 1, and set

To := sup{t € (0, +00) | f*a + t[Kx] is Kiihler on X} .
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Given a positive (1, 1)-current wo with continuous local potentials on X and [wg] =
[ ¥, there is a unique way to include wy in a family ()01, of positive (1, 1)-
currents with continuous local potentials on X such that

(i) [ox] = f*a +t[Kx] forallt € [0, Ty);
(ii) setting 2 1= Xy \ Exc(f), the local potentials of w, are continuous on Q x
[0, To), and locally bounded on X x [0, T for each T < Ty,
(iii) (wr)ie(0,1y) Testricts to a smooth path of Kahler forms on Q satisfying

3(1),
— = —Ric(ay).
- (@)
Moreover, the measures w;' are uniformly comparable to any given adapted measure
as long as t stays in a compact subset of (0, T).

This result of course applies in particular when f is the identity map and « is any
Kihler class on X. This special case of Theorem 4.6.8 yields the following result
for the normalized Kéhler—Ricci flow:

Corollary 4.6.9. Let X be a projective complex variety with log terminal singu-
larities such that £Kx ample. Then each positive (1, 1)-current with continuous
local potentials wy such that [wy] = [£Kx] extends in a unique way to a family
(@r)t€[0,400) Of positive (1, 1)-currents with continuous local potentials such that

(i) [w:] = [£Kx] forallt € [0, +00);

(ii) the local potentials of w; are continuous on Xreg X [0, +00), and bounded on
X x[0,T] foreach T € (0, +00);

(ii) (wr)ie(0,+00) Testricts to a smooth path of Kdihler forms on Xee satisfying

0w )
a_[t = —RlC((!)t) + w;.

Moreover, the volume forms ;' are uniformly comparable to any given adapted
measure as long as t stays in a compact subset of (0, T).

Indeed, as is well-known, setting

w; = (1 =+ S)a):t log(1=£s)
defines a bijection between the solutions of

dw .
B_t[ = —Ric(w;) F w;

on Xreg X (0, +00) and those of

/

doy _ —Ric(w))

as
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on Xee X (0, Tp), with [@]] = [£Kx] + s[Kx] and Ty = +00 when +Ky is ample
(resp. Tp = 1 when —Kx is ample).

Proof of Theorem 4.6.8. Since a can be represented by a Kihler form on Y, we
may choose a closed semipositive (1, 1)-form 6, with local potentials on X such
that [#g] = f*a. We thus have wy = 6y + dd @y with ¢y a continuous 6y-psh
function on X. Given T € (0, Ty), we can choose a Kéhler form 67 representing
f*a + T[Kyx], by definition of Ty. For ¢ € [0, T'] set

0, :=06p+ 1ty

with y := T~ (07 — 6p), which defines an affine path of semipositive (1, 1)-forms
with local potentials. For ¢ € [0, T'], the path of currents we are looking is of the
form w; = 6, + dd°‘ ¢, with

peCl(Qx[0,T)NC>®(Q x (0,T))

and ¢|axgy = @o. Since y = T~ (67 — 6) is a representative of [Kx], we can
find a smooth metric ¢ on the Q-line bundle Kx having y as its curvature form.
If we denote by 1t := ug the corresponding adapted measure, it follows from the
definitions that for any Kahler form @ on an open subset U of X, we have

—dd‘log [“’—} — ¥ + Ric(w) (4.36)
n
On Q x (0, T'], the equation % = —Ric(w;) is thus equivalent to
(0 : 0, + dd )"
ot m

By Lemma 4.6.4, this amounts to

0 6 + dd p)"
—¢=10g|:—(t+ 2 :|+c(t)
ot n

for some smooth function ¢ : [0, T] — R, since
Q= f_l(Y \ Ysing) N (X \ Xsing)

and X, Y each have a singular locus of codimension at least 2 by normality. After
choosing a primitive of ¢(¢), we can absorb it in the left-hand side, and we end up
with showing the existence and uniqueness of

peCl(Qx[0,T)NC>®(Q x (0,T))
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such that ¢|gxg0y = @o and

dp [(Gt + dd‘#ﬂ"}
- = 10g -
ot n

on Q2 x (0, T]. Since 07 is a Kihler form, we have
Or > 60 :=cH,

for0 < ¢ <« 1,and hence 6, > 6 forallt € [0,T]. Nowletw : X' — X be a
log resolution, which is thus in particular an isomorphism above X, and pick a
Kihler form wy: on X’. Since X has log terminal singularities, by Lemma 4.6.5 the

measure (' := m*u is of the form
+_ —
W=l TV wh,

where ¥+ are quasi-psh functions on X’ with logarithmic poles along the excep-
tional divisor E, smooth on X’ \ E = 77 !(Xe), and such that e~ € L?” for
some p > 1. We also have 0/ := n*6, > 6’ := n*6. Finally, since [¢'] is the
pull-back by f o & of a Kihler class on Y, we have

Amp (8') = X'\ Exc(fom) =7 (Q) ~ Q.

Using Theorems 4.3.3 and 4.3.5, it is now easy to conclude the proof of Theo-
rem 4.6.8. O

References

[Aub78] T. Aubin, Equation de type Monge-Ampere sur les variétés kihlériennes compactes.
Bull. Sci. Math. 102, 63-95 (1978)
[BM87] S. Bando, T. Mabuchi, Uniqueness of Einstein Kéhler metrics modulo connected
group actions, in Algebraic Geometry (Sendai, 1985), ed. by T. Oda. Advanced
Studies in Pure Mathematics, vol. 10 (Kinokuniya, 1987), pp. 11-40 (North-Holland,
Amsterdam, 1987)
[BBGZ13] R. Berman, S. Boucksom, V. Guedj, A. Zeriahi, A variational approach to complex
Monge-Ampere equations. Publ. Math. LH.E.S. 117, 179-245 (2013)
[Blo03] Z. Btocki, Uniqueness and stability for the complex Monge-Ampere equation on
compact Kihler manifolds. Indiana Univ. Math. J. 52(6), 1697-1701 (2003)
[Bto09] Z. Btocki, A gradient estimate in the Calabi-Yau theorem. Math. Ann. 344, 317-327
(2009)
[Bou04] S. Boucksom, Divisorial Zariski decompositions on compact complex manifolds.
Ann. Sci. Ecole Norm. Sup. (4) 37(1), 45-76 (2004)
[BEGZ10] S. Boucksom, P. Eyssidieux, V. Guedj, A. Zeriahi, Monge-Ampere equations in big
cohomology classes. Acta Math. 205, 199-262 (2010)



4 Regularizing Properties of the Kiahler—Ricci Flow 237

[Cao85] H.D. Cao, Deformation of Kéhler metrics to Kéhler-Einstein metrics on compact
Kihler manifolds. Invent. Math. 81(2), 359-372 (1985)
[Dem85] J.P. Demailly, Mesures de Monge-Ampere et caractérisation géométrique des variétés
algébriques affines. Mém. Soc. Math. Fr. 19, 124 p. (1985)
[Dem92] J.P. Demailly, Regularization of closed positive currents and intersection theory.
J. Algebr. Geom. 1(3), 361-409 (1992)
[Dem09] J.P. Demailly, Complex analytic and differential geometry (2009), OpenContent book
available at http://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
[DemPaun04] J.-P. Demailly, M. Paun, Numerical characterization of the Kihler cone of a compact
Kéhler manifold. Ann. Math. (2) 159(3), 1247-1274 (2004)
[DZ10] S. Dinew, Z. Zhang, On stability and continuity of bounded solutions of degenerate
complex Monge-Ampere equations over compact Kihler manifolds. Adv. Math.
225(1), 367-388 (2010)
[EGZ09] P. Eyssidieux, V. Guedj, A. Zeriahi, Singular Kéhler-Einstein metrics. J. Am. Math.
Soc. 22, 607-639 (2009)
[EGZ11] P. Eyssidieux, V. Guedj, A. Zeriahi, Viscosity solutions to degenerate complex Monge-
Ampere equations. Comm. Pure Appl. Math. 64, 1059-1094 (2011)
[FS90] A. Fujiki, G. Schumacher, The moduli space of extremal compact Kihler manifolds
and generalized Weil-Petersson metrics. Publ. Res. Inst. Math. Sci. 26(1), 101-183
(1990)
[Gill11] M. Gill, Convergence of the parabolic complex Monge-Ampere equation on compact
Hermitian manifolds. Comm. Anal. Geom. 19(2), 277-303 (2011)
[GR56] H. Grauert, R. Remmert, Plurisubharmonische Funktionen in komplexen Ridumen.
Math. Z. 65, 175-194 (1956)
[GZ12] V. Guedj, A. Zeriahi, Stability of solutions to complex Monge-Ampere equations in
big cohomology classes. Math. Res. Lett. 19(5), 1025-1042 (2012)
[KolMori98] J. Kollar, S. Mori, in Birational Geometry of Algebraic Varieties. Cambridge Tracts
in Mathematics, vol. 134 (Cambridge University Press, Cambridge, 1998)
[Kol98] S. Kotodziej, The complex Monge-Ampere equation. Acta Math. 180(1), 69-117
(1998)
[Kol03] S. Kotodziej, The Monge-Ampere equation on compact Kihler manifolds. Indiana
Univ. Math. J. 52(3), 667-686 (2003)
[Lieb96] G.M. Lieberman, Second Order Parabolic Differential Equations (World Scientific,
River Edge, 1996)
[Siu87] Y.T. Siu, in Lectures on Hermitian-Einstein Metrics for Stable Bundles and Kdhler-
Einstein Metrics. DMV Seminar, vol. 8 (Birkhéuser, Basel, 1987)
[ST09] J. Song, G. Tian, The Kihler-Ricci flow through singularities (2009). Preprint
[arXiv:0909.4898]
[SzTol1] G. Székelyhidi, V. Tosatti, Regularity of weak solutions of a complex Monge-Ampére
equation. Anal. PDE 4, 369-378 (2011)
[TzhaO6] G. Tian, Z. Zhang, On the Kéhler—Ricci flow on projective manifolds of general type.
Chin. Ann. Math. Ser. B 27(2), 179-192 (2006)
[Tsu88] H. Tsuji, Existence and degeneration of Kéhler-Einstein metrics on minimal algebraic
varieties of general type. Math. Ann. 281(1), 123-133 (1988)
[Yau78] S.T. Yau, On the Ricci curvature of a compact Kihler manifold and the complex
Monge-Ampere equation, I. Comm. Pure Appl. Math. 31(3), 339-411 (1978)
[ZerO1] A. Zeriahi, Volume and capacity of sublevel sets of a Lelong class of psh functions.
Indiana Univ. Math. J. 50(1), 671-703 (2001)


http://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf

	Chapter
4 Regularizing Properties of the Kähler–Ricci Flow
	4.1 An Analytic Toolbox
	4.1.1 A Laplacian Inequality
	4.1.2 The Maximum Principle
	4.1.3 Evans–Krylov Type Estimates for Parabolic Complex Monge–Ampère Equations

	4.2 Smoothing Properties of the Kähler–Ricci Flow
	4.2.1 A Priori Estimate on t
	4.2.1.1 Heuristic Control
	4.2.1.2 A Precise Bound

	4.2.2 A Priori Estimate on ∂∂t
	4.2.3 A Priori Estimate on t
	4.2.3.1 A Convexity Assumption
	4.2.3.2 The Estimate

	4.2.4 Proof of Theorem 4.2.1
	4.2.4.1 Higher Order Estimates
	4.2.4.2 A Stability Estimate
	4.2.4.3 Conclusion


	4.3 Degenerate Parabolic Complex Monge–Ampère Equations
	4.3.1 The Ample Locus
	4.3.2 The Main Result

	4.4 A Priori Estimates for Parabolic ComplexMonge–Ampère Equations
	4.4.1 Setup
	4.4.2 A Global C0-Estimate
	4.4.3 Bounding the Time-Derivative and the Laplacian on the Ample Locus
	4.4.4 Bounding the Time Derivative in the Affine Case
	4.4.5 Proof of Theorem 4.4.1

	4.5 Proof of the Main Theorem
	4.5.1 The Non-degenerate Case
	4.5.2 A Stability Estimate
	4.5.3 The General Case
	4.5.3.1 Existence
	4.5.3.2 Uniqueness

	4.5.4 The Affine Case: Proof of Theorem 4.3.5

	4.6 The Kähler–Ricci Flow on a Log Terminal Variety
	4.6.1 Forms and Currents with Local Potentials
	4.6.2 Log Terminal Singularities
	4.6.3 The Kähler–Ricci Flow on a Log Terminal Variety

	References


