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A NON-ARCHIMEDEAN APPROACH TO K-STABILITY, I:
METRIC GEOMETRY OF SPACES OF TEST CONFIGURATIONS AND
VALUATIONS

SEBASTIEN BOUCKSOM AND MATTIAS JONSSON

ABSTRACT. For any polarized variety (X, L), we show that test configurations and, more gen-
erally, R-test configurations (defined as finitely generated filtrations of the section ring) can be
analyzed in terms of Fubini—Study functions on the Berkovich analytification of X with respect
to the trivial absolute value on the ground field. Building on non-Archimedean pluripotential
theory, we describe the (Hausdorff) completion of the space of test configurations, with respect
to two natural pseudo-metrics, in terms of plurisubharmonic functions and measures of finite
energy on the Berkovich space. We also describe the Hausdorff quotient of the space of all
filtrations, and establish a 1-1 correspondence divisorial norms and divisorial measures, both
being determined in terms of finitely many divisorial valuations.
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INTRODUCTION

The notion of K-stability was introduced in complex differential geometry as a conjectural—
and now partially confirmed—algebro-geometric criterion for the existence of special Kéahler
metrics. Lately, it has also become a subject in its own respect. In a series of two (largely
independent) papers of which this is the first, we show how global pluripotential theory over a
trivially valued field, as developed in [BoJ22a), can be used to study K-stability.

Let X be a projective variety (reduced and irreducible) of dimension n > 1 over an alge-
braically closed field k (assumed to be of characteristic 0 in this introduction) , and L an ample
Q-line bundle on X. The definition of K-stability of the polarized variety (X, L), as given by
Donaldson [Don(2], involves the sign of an invariant attached to (ample) test configurations for
(X,L). As shown in [BHJI7, BoJ22a], test configurations can be alternatively understood in
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terms of (rational) Fubini-Study functions on the Berkovich analytification X", and uniform
K-stability becomes a linear growth condition for the non-Archimedean K-energy on the set of
such functions.

Filtrations of the section ring of (X, L) provide another, widely used description of test con-
figurations; more precisely, the latter correspond to Z-filtrations of finite type [WN12, [Szé15].
Recent works related to the Hamilton—Tian conjecture [CSW18| [DeSz20, [HL20, BLXZ21] have
emphasized the importance of considering more general R-test configurations, defined as R-
filtrations of finite type, and one first objective of this paper is to show that these can again
be understood as (real) Fubini-Study functions on X?".

On the other hand, Chi Li’s recent breakthrough on the Yau—Tian—Donaldson conjecture for
cscK metrics [Li20] (based in part on the first version of the present paper) involves a stronger
form of uniform K-stability, formulated as a linear growth condition for the K-energy on the
space of functions of finite energy on X?". The latter are obtained as limits of Fubini—Study
functions, and are the central topic of pluripotential theory on X?" [BoJ22a]. Building on the
latter technology, the second objective of this paper is to show how functions and measures of
finite energy can be used to describe the completion of the space of test configurations with
respect to a natural metric, leading to a picture that is quite similar to the well-developed
complex analytic case [Darl5al [DLR20].

From test configurations to Fubini—Study functions. Denote by N the space of (de-
creasing, left-continuous, separated, exhaustive) filtrations of the section algebra R — R(X,dL)
for d sufficiently divisible. It is convenient to view these as norms x: R — R U {+oc}, for
which we use ‘additive’ terminology, see A norm y € Ng is of finite type if the associated
graded algebra is finitely generated. For any subgroup A C R, let Ny C Ng be the set of
norms with values in A U {400}, and denote by

ﬁCNR and ﬂ::mﬂ/\/’/\

the subsets of norms of finite type.

As is by now well-known (see [WNI12| [Szé15, BHJ17]), the Rees construction provides a
1-1 correspondence between Tz and the set of (ample) test configurations for (X, L). In line
with [DeSz20], we view Tg as the space of R-test configurations. Any x € Tr lies in T for some
finitely generated subgroup A ~ Z", and x can be geometrically realized as a G, -equivariant
degeneration of (X, L) to a polarized scheme (see §A.3), which is further reduced iff x is
homogeneous, in the sense that y(s%) = dx(s) for all d € N.

The space Ng comes equipped with a non-decreasing family (d,)i1<p<co Of natural pseudo-
metrics. By [BE21], the space Ng(V) of norms on any finite dimensional vector space V is
indeed endowed with a metric d, for any p € [1,00], the distance between two norms being
the fP-length of their relative spectrum, defined by joint diagonalization in some basis. For
p = 2, this is the classical Tits metric of Ng(V) as a Euclidean building, whose relevance to
K-stability was already emphasized in [Odal5l [Cod19].

Any x € Ng restricts to a norm on R,, := H(X,mL) for all m sufficiently divisible, and we
define the pseudometric d, on Mg by setting

dp(X7 X,) = lim sup m_l dp(X|Rma X/|Rm)a
m
where the limsup is actually a limit for p < oo, by [BC11l, [(CM15, BHJ17]. The LP-norm of a
test configuration in 7z, as in [Don02, [Sz¢15, BHJ17], can be computed using d,,.

The pseudo-metric d, is not a metric, even after restriction to 7, and our first main result
describes the Hausdorff quotient of (73,d,) as a natural space of functions on the Berkovich
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analytification of X (with respect to the trivial absolute value on k). Recall that the latter is
a compact Hausdorff topological space X", whose elements are semivaluations v on X, i.e.
R-valued valuations on the function field of some subvariety of X, trivial on k. The space X?"
contains as a dense subset the space X4V of divisorial valuations on X, induced (up to scaling)
by a prime divisor on a birational model of X.

For any v € X?" and any section s of a line bundle on X, we can define v(s) € [0,4o00] by
trivializing the line bundle at the center of v, and setting |s|(v) := e~¥(*) defines a continuous
function |s|: X*" — [0,1]. Given a subgroup A C R, a A-Fubini-Study function for L is a
function ¢ € CY = CY(X?) of the form

¢ = -~ max{log |s;| + A;},
J

1
m
where m > 1 is sufficiently divisible, (s;) is a finite set of sections of mL without common
zeroes, and \; € A.
The set Hp C C° of A-Fubini-Study functions is stable under max and the action of A by
translation, and satisfies Hx = Hga. It is related to the space Tp of A-test configurations by
the Fubini—Study operator, a surjective map

FS: Tao — Ha

that associates to x € T the Fubini-Study function FS(x) = m™" max;{log|s;| + x(s;)},
where (s;) is any x-orthogonal basis of R,, for m sufficiently divisible. Viewed as a map from
(usual) test configurations to Fubini-Study functions, FS: Tz — Hz = Hg is compatible with
the one constructed and studied in [BHJ17, BoJ22al (see Appendix [A)).

1

Theorem A. For any polarized variety (X, L), any subgroup A C R and p € [1,00], the Fubini—
Study operator identifies the Hausdorff quotient of the pseudo-metric space (Tx,dp) with Ha.
For p = oo, the induced metric doo on Hp further coincides with the supnorm metric.

It is enough to prove this for A = R. Let us first describe the case p = co. The restrictions
X|r, of any norm x € N generate a sequence of canonical approzimants x4 € Tr, which allows
us to extend the Fubini-Study operator to a map

FS:NR—>£OO

into the space of bounded functions on X", by setting FS(x) := limg FS(x4). On the other
hand, any ¢ € L defines an infimum norm IN(¢) € Ng, the avatar of the usual supnorm
sup yan |sle”"¥ on R, in our additive terminology. This defines an operator

IN: L — N}ﬁom

into the space of homogeneous norms. Using standard but nontrivial results in non-Archimedean
geometry, we show that:
e the composition INoFS: Vg — /\/']1%0”1 coincides with the homogenization operator
X = X" where x"°™(s) = lim, o, 71 x(s"), which corresponds to the spectral radius
construction in the usual ‘multiplicative’ terminology;
e homogenization preserves the finite type condition, and hence maps 7g onto 771{0“‘ =
Te NABom:
e on 7g, both the Fubini-Study operator and the pseudo-metric ds, factor through ho-
mogenization.
These results imply that FS: (Tr,de) = (Hr, dwo) is a surjective isometry, which restricts to
an isometric isomorphism (73, dso) =~ (Hg,doo), where do on Hg is the supnorm metric;
this settles Theorem A for p = oco.
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For any p € [1,00), we have d; < d, < ds as pseudo-metrics on NVg. By the previous step,
the restriction of ds to Tg factors through the Fubini-Study operator. Thus d, |7, descends to
a pseudo-metric on Hg, and Theorem A asserts that it is a metric, i.e. that it separates points.
It is enough to prove this for p = 1, which is accomplished via an explicit expression for d; in
terms of the Monge—Ampere energy, analogous to the known expression for the Darvas metric
in the complex analytic case [Darl5b].

Our approach is based on the close relation of the d;-pseudometric on Nk to the volume of
a norm x € Ng, defined as the limit

vol(x) = limm ™! vol(x|r,,) € R,

where vol(x/|g,,) is the barycenter of the spectrum of x|g, . Indeed, for all x, X’ € Ng, we have

di(x, x") = vol(x) + vol(x") — 2vol(x A x'),

with x A X’ € Ngr the pointwise min of y and y’. When x € 7z corresponds to a test configu-
ration (X,£) — A!, with canonical compactification (X, L) — P!, it was proved in [BHJI7],
using the Riemann—Roch formula, that

(L")
vol(x) = (L)
where the right-hand side is also, by definition, the Monge-Ampére energy E(p) of ¢ =
FS(x) € Hq. Setting E(p) :=sup{E(y) | ¢ > ¥ € Ho} defines the extended energy functional
E: 0 — R, and an approximation argument based on Okounkov bodies leads to the key
formula vol(x) = E(FS(x)), which implies

di(x,X) = E() + E(¢') - 2E(p A ¢)
for all x, x’ € Hgr, where ¢ = FS(x), ¢’ = FS(X’). The right-hand side thus defines a pseudo-
metric d; on Hg, and a result of [BoJ22a] allows us to show that it separates points, thereby
finishing the proof of Theorem A. This formula also characterizes the metric d; on Hy as the
unique one such that di(¢,¢") = infyr<y, #{di(p,¢") + di(¢”,¢")} for all ¢, ¢" € Hg, and
di(p, ¢") = E(¢) — E(¢') when ¢ > ¢'.

Darvas metrics on functions and measures of finite energy. By Theorem A, the
Hausdorff completion of (7g,d,) can be identified with the completion of the metric space
(Hr,dp). When p = oo, this is simply the closure of Hr C C? in the topology of uniform
convergence, which is, by definition, the space CPSH of continuous L-psh functions (in line
with [Zha95, [Gub9g]).

For a norm x € Ng, FS(x) lies in CPSH as soon as it is continuous (by Dini’s lemma);
we show that the set N§°™ C Mg of such norms coincides with the deo-closure in A of the
set Tz of (ample) test configurations, and that it is a strict subset (except in the trivial case
dim X = 0, see .

Our next goal is to describe the completion of (Hg,d;). The answer relies on global pluripo-
tential theory over a trivially valued field, as developed in [BoJ22a] (inspired in part by the
discretely valued case studied in [BEJ16]). Let us briefly describe the salient points of this
theory.

Inspired by the complex analytic case, we define an L-psh function ¢: X** — R U {—o0}
as an upper semicontinuous (usc) function that can be written as the limit of a decreasing
sequence (or net) in Hr (or Hz = Hg), excluding ¢ = —oo. Such functions are uniquely
determined by their restrictions to X4V € X®" which are further finite valued, and we equip
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the space PSH of L-psh functions with the topology of pointwise convergence on X4V, By Dini’s
Lemma, the space of continuous L-psh functions CPSH considered above can be described as
CPSH = PSHN C.

The Monge—-Ampere energy E admits a unique usc, monotone increasing extension

E: PSH — R U {—oc},

given by E(¢) = inf{E(¢) | ¢ < ¢ € CPSH}, and the space of L-psh functions of finite energy
is defined as

&' :={E > —o0} C PSH.
A function in ! is thus a decreasing limit of functions in Hg with bounded energy. The space
E' is endowed with the strong topology, defined as the coarsest refinement of the subspace
topology from PSH O &' for which E: £ — R is continuous. Any decreasing net in €' is
strongly convergent, and Hg is thus dense in & 1in the strong topology.

To each ¢ € &' is associated a Monge-Ampére measure MA(p), a (Radon) probability
measure on X" that integrates functions in €. When ¢ € Hg, MA(p) has finite support
in X4V, and can be described using intersection numbers computed on the central fiber of an
associated test configuration. The Monge-Ampere operator ¢ — MA(¢p) is continuous on £*
in the strong topology, and characterized as the derivative of E, i.e.

% t:OE (1 —t)p+th) = / (W= 9)MA(p)

for all ¢, € E. It takes its values in the space M of measures of finite energy, i.e. Radon
probability measures p on X?" for which the Legendre transform

E(n) = sup (B(p) ~ [ pdu} (0,4
pelt
is finite. In analogy to the complex analytic case [BBGZ13]|, the variational approach of [BoJ22a]
shows that = MA(y) with ¢ € ! iff  achieves the supremum that defines EV (1).
The space M! also comes with a strong topology, the coarsest refinement of the weak
topology of measures such that EV: M! — R is continuous. A key result of [BoJ22a] shows
that the Monge-Ampere operator induces a topological embedding with dense image

MA: EY/R — M?

(with respect to the strong topologies), which is further onto iff the envelope property holds for
(X, L). The latter important property has several equivalent formulations, including the com-
pactness of the quotient space PSH /R (a fundamental fact in the setting of compact complex
manifolds); it is established when X is smooth, using multiplier ideals, and we conjecture that
it holds as long as X is normal (or merely unibranch, which is in turn a necessary condition).

The Monge-Ampere operator naturally induces a map MA: Tg — M! by setting MA(y) :=
MA(FS(x)); as mentioned above, when y € 7Tz, the measure MA () has finite support in XV,
and can be directly described in terms of intersection numbers on (the integral closure of) the
test configuration corresponding to .

With these preliminaries in hand, we can now state:

Theorem B. For any polarized variety (X, L), the following holds:

(i) there exists a unique metric dy on E' that defines the strong topology and extends the
metric dy on Hr C EY;

(i) there exists a unique metric di on M! that defines the strong topology and induces the
quotient metric of dy on E'/R «— M!;
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(iii) the metric space (M, dy) is always complete, while (E',dy) is complete iff the envelope
property holds for (X, L);
(iv) the Monge-Ampeére operator MA: Tg — M" uniquely extends to an isometry

MA: ('/\/‘R/Radl) — (M17d1)7
where d; denotes the quotient pseudometric of d;.

In particular, the Monge-Ampere operator realizes M! as the Hausdorff completion of
(Tr/R,d;), while £! is the Hausdorff completion of (7g,d;) iff the envelope property holds,
e.g. when X is smooth (see also [DX20)] for an approach based on geodesic rays, when k = C).

We call the metric d; on €' the Darvas metric; its complex analytic analogue, introduced
by T. Darvas [Darl5b], plays a crucial role in global pluripotential theory, and in particular
in the variational approach to the Yau-Tian—Donaldson conjecture [BBJ21l [Lil9, [Li20]. The
space E! is studied over more general non-Archimedean fields in [Reb20], where it is shown
that (£!,d;) is a geodesic metric space (assuming the envelope property). In analogy with the
complex analytic case [Darl5al [DLR20], we expect that, for any p € [1,00), the completion of
(HRr,dp) can be identified with the space

e i={pefl|pe lP(MA(p))},
assuming the envelope property.

Among other things, the proof of Theorem B is based on a precise comparison between d;
and quasi-metrics on £! and M! studied in [BoJ22a], using estimates that ultimately derive
from the Hodge Index Theorem. By construction, MA: (Tg/R,d;) — (M!,d;) is an isometry,
and (iv) is thus a consequence of (iii) and the dj-density of Tz in Nk, which we prove using
Okounkov bodies (see Corollary [3.19).

If x € N is a continuous norm, then FS(x) € CPSH C &', and MA(x) = MA(FS(x)).
If the envelope property holds for (X, L), then the usc regularization FS*(y) lies in &' for
any norm y € Ng, and MA(x) = MA(FS*(x)). In this case, we get a surjective isometry
FS*: (Mg, di) — (€8, d1), where EX° is the set of L-psh functions that are regularizable from
below, i.e. limits in PSH of an increasing net in CPSH. This realizes 8?0 as the Hausdorff
quotient of Ng. We emphasize, however, that (iv) is valid even without assuming the envelope
property for (X, L).

Finally, we show that the functional y + |x|| := EY(MA(x)) on Nk extends (up to a nor-
malization constant) the minimum norm of a test configuration in the sense of Dervan [Der16].

Divisorial norms and maximal norms. The set X"? of valuations on the function field of
X, trivial on k, is a dense subset of X", Following [BKMSIH] we say that v € XV is of linear
growth if there exists C' > 0 such that v(s) < Cm for all nonzero sections s € R,,, = H*(X, mL)
with m sufficiently divisible. In terms of pluripotential theory, the set X" c XVl of valuations
of linear growth coincides with the set of points v € X?" that are non-pluripolar, i.e. such that
every ¢ € PSH is finite at v; in particular, it contains the set X4 of divisorial valuations.
Any v € X" defines a (homogeneous) norm y, € NE™, simply by setting x,(s) := v(s).
We say that a norm x € N is divisorial if it is of the form x = min;{x,, +¢;} for a finite set (v;)
in X4V and ¢; € R. We denote by NV the set of divisorial norms, and by N&i" = MgV NN
the subset of rational divisorial norms, for which the ¢; can be chosen in Q. The latter contains
the homogenization y"™ of any ample test configuration y € 7z, and N(Si" can alternatively
be described in terms of norms associated to (possibly non-ample) test configurations (see

Theorem [A.10)).
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On the other hand, we define a divisorial measure as a Radon probability measure p on
X with support a finite subset of X4V ie. p = Y, m;d,, for a finite subset (v;) of X4V
and m; € Ryo such that ) . m; = 0. The set MIV ML of divisorial measures is thus
the convex hull of the image of the canonical embedding X4V < M! v — §,. For any test
configuration x € 7z, the norm "™ and the measure MA(x) = MA(x"°™) are both divisorial.
More generally, we show:

Theorem C. The Monge—-Ampére operator induces an isometric isomorphism
MA: (VEV/R,d;) S (MY dy).

We emphasize that the envelope property is not assumed here. In the companion pa-
per [BoJ22c|, divisorial measures are used to define the notion of divisorial stability, which
implies (and is conjecturally equivalent to) uniform K-stability. Theorem C enables us to view
divisorial stability as a condition on divisorial norms, and leads to the equivalence between
divisorial stability and uniform K-stability with respect to norms/filtrations.

The proof of Theorem C is based on the variational approach to (non-Archimedean) Monge—
Ampere equations developed in [BoJ22al, recast in terms of norms.

Recall that the space of norms Ny is equipped with pseudometrics (dj)pe(1,o0]; Such that
d; < dp < deo. For x,x' € Mg, the condition d,(x,x’) = 0 is independent of p < oo; we
say that x and /' are asymptotically equivalent when this holds. While d., becomes a metric
upon restriction to the space ./\/'Ié}om of homogeneous norms, this is still not the case for d,, with
p < oo, and our next goal is to introduce a canonical maximal subspace on which d, does
become a metric.

To this end, we introduce the class Ng** C ./\/'ngom of mazimal norms, of the form xy =
inf, ¢ xaiv{xv+cy} for a bounded family of constants (¢; ), xaiv. Any divisorial norm is maximal,
and maximal norms can alternatively be characterized as decreasing limits of divisorial norms.
We further show that any norm y, with v € X! is maximal.

The following result accounts for the chosen terminology.

Theorem D. Any norm x € Ng is asymptotically equivalent to a unique mazimal norm
X" e NP, characterized as the largest norm in the asymptotic equivalence class of x. In
particular, for any p € [1,00), the restriction of the pseudometric d, to Ng** is a metric, and
NR?* is mazimal in Ng for this property.

To prove this result, we first construct a projection x — x™** onto Ng'®*, by setting x™** :=
inf,c ya {x» + FS(x)(v)}, and show that y™® = y/ma% iff FS(x) = FS(x’) on X%V. Using
Monge-Ampere estimates from [BoJ22a], we show that this holds if y ~ x’. Conversely, we
need to show y ~ x™**. Since FS(x) = sup;FS(xq) is an envelope of L-psh functions, it

follows from [BoJ22a, BoJ22b] that FS(x) = FS*(x) on X4V, and

vol(x) = E(FS(x)) = E(FS*(x)) > vol(x™™).

max

This yields the result, since x < x™* implies dj (x, x™*) = vol(x™**) — vol(x).
As before, Theorem D does not assume the envelope property, but the proof exploits it
through the use of resolution of singularities, see [BoJ22al, Theorem 5.20].

Valuations of linear growth. Finally we use the results above to study the structure of the
space X™ of valuations of linear growth, which we can endow with several metrics.
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First, from the embedding X" < AR given by v — y,, we get a family of (pseudo)metrics
dp, 1 < p < oo. Denoting by vy € X div the trivial valuation, we have in particular

doo(Ua Utriv) = T(U), dl(’l), vtriv) = S(U)

where S(v) := vol(xy) is the expected vanishing order of L along v, widely used in relation to the
stability threshold/d-invariant [Fuji9al [Lil7, BIJ20]. The invariant d,(v, vyy) with v € X4V
also appears (under a slightly different guise) in [Zha20)].

Second, a valuation is of linear growth iff the Dirac mass ¢, is a measure of finite energy,
and in fact we have

EY(ds) = S(v)

for any v € X" see Theorem In particular, we have an embedding X lin s M. Denote
by dpyqa the pullback of the metric d; on M to X',

Corollary E. The pseudo-metric d, on X'l is an actual metric for 1 < p < co. Further, the
metrics dyp anddy,, 1 < p < oo, on X' gre equivalent and complete, and they are independent
of L up to bi-Lipschitz equivalence.

Completeness with respect to doo, as well as independence of L, was already observed
in [BoJ22al, and the key point is thus to show do, < Cdj, which is done by invoking
inequalities involving Monge-Ampere integrals, as in the proof of Theorem A (see for
details).

In [BoJ22c] we use the space M! and its subspace MYV to analyze K-stability. When X
is a Fano variety, restricting to Dirac masses 6, € M, with v in X" or X9V, recovers the
valuative criterion of K-stability of Fano varieties due to Fujita and Li [Fuj19al [Lil7].

An interesting type of valuations v € X" are those for which the associated filtration Y,
is of finite type. If v € X9V, this means v is ‘dreamy’ in the sense of K. Fujita [Fuji9a],
associated to a test configuration with irreducible and reduced central fiber. While valuations
v € X'™ with y, of finite type play a crucial role in recent work on K-stability of Fano
varieties [BLX19, [BLZ19, BLXZ21, [BX20, [LX20, HL20], their role in the general polarized
case is less clear (although see [Del.20, [Liu21]). The condition of x, being of finite type is
quite subtle and in particular depends on the ample QQ-line bundle L. For this reason we
believe that it is useful to study K-stability using functionals on spaces such as X9V, Xxln
MEV or M1, without any finite type assumption.

Organization. After giving some background in §I} we study homogenization and the related
Fubini-Study and infimum norm operators in proving part of Theorem A. In §3] we make
a spectral analysis of norms on the section ring of (X, L), building upon [CM15, BE21]. After
that we give additional background on non-Archimedean pluripotential theory from [BoJ22al;
in particular we revisit the spaces used in Theorem B. In §5[ we construct and study the Darvas
metrics on £! and M!, and prove the remaining part of Theorem A as well as parts (i)—(iii)
of Theorem B. The classes of divisorial and maximal norms are studied in where we prove
Theorem C and also consider the regularized Fubini-Study operator. In §7] we define the
Monge—-Ampere operator on general norms, and prove Theorem C as well as Theorem B (iv)
and Corollary E. Finally, Appendix [A] revisits the relation between test configurations and
Fubini-Study functions, and Appendix [B] provides some remarks on the toric case.

Notation and conventions.

e We work over an algebraically closed field k, of arbitrary characteristic unless otherwise
specified.
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e For z,y € Ry, x < y means z < Cpy for a constant C,, > 0 only depending on n, and
rryifr Syand y Sz Here n will be the dimension of a fixed variety X over k.

e A pseudo-metric on a set Z is a function d: Z x Z — R that is symmetric, vanishes on
the diagonal, and satisfies the triangle inequality. It is a metric if it further separates
points.

e The Hausdorff quotient of a pseudo-metric space (Z,d) is the metric space (Zg,dg)
where Zp is the quotient of Z by the equivalence relation z ~ y < d(z,y) = 0, and
dp is the induced metric. The map (Z,d) — (Zg,dp) is the unique isometric map of
(Z,d) onto a metric space, up to unique isomorphism.

e The Hausdorff completion of a pseudo-metric space (Z, d) is the complete metric space
(Z,d) defined as the completion of the Hausdorff quotient (Zz,dpy). It comes with
an isometric map (Z,d) — (Z,d) with dense image, which is universal with respect to
maps into complete metric spaces.

e A quasi-metric on Z is function d : Z x Z — R that is symmetric, vanishes precisely
on the diagonal, and satisfies the quasi-triangle inequality

ed(z,y) <d(z,z) +d(z,y)

for some constant € > 0. A quasi-metric space (Z,d) comes with a Hausdorff topology,
and even a uniform structure. In particular, Cauchy sequences and completeness make
sense for (Z,d). Such uniform structures have a countable basis of entourages, and are
thus metrizable, by general theory.

e We use the standard abbreviations usc for ‘upper semicontinuous’, Isc for ‘lower semi-
continuous’, wlog for ‘without loss of generality”, and iff for ‘if and only if’.

e A net is a family indexed by a directed set. On many occasions we shall consider nets
(xq) indexed by dpZ>; for some dy > 1, and ordered by divisibility. Note that the
sequence (Tpm!)m>d, is cofinal in this net.
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GRACK. The second author was partially supported by NSF grants DMS-1600011, DMS-
1900025, DMS-2154380, and the United States—Israel Binational Science Foundation.

1. BACKGROUND

In the entire paper, (X, L) denotes a projective variety (reduced and irreducible) endowed
with an ample Q-line bundle. We review a number of basic facts about norms/filtrations and
Berkovich analytification, referring for instance to [BE21l BoJ22a] for more details.

1.1. Norms on a vector space. As in [BT72] we will use ‘additive’ terminology, so by a
norm on a k-vector space V we mean a function x: V' — RU {400} such that

o x(v) =400 iff v =0;

e x(av) = x(v) for a € k* and v € V; and

e x(v+w) > min{x(v), x(w)} for all v,w € V.
Note that || - ||, := e™X() is then a non-Archimedean norm on V with respect to the trivial
absolute value on £ in the usual (‘multiplicative’) sense [BGR]. Setting

FAVi={veV]|x(w) >\, x):=max{\ecR|veF\V}
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for A € R yields a 1-1 correspondence between norms on V' and (non-increasing, left-continuous,
exhaustive and separated) filtrations of V. We also write F7AV = Jy,o, F YV = {x > A},
and define the associated graded space as the R-graded vector space
gr, V=P FPV/FV.
AER

Each norm y on V turns it into a (Hausdorff) topological vector space, in which (F™V),,en
forms a countable basis of (open and closed) neighborhood of 0, for any € > 0. The normed
space (V,x) admits a completion V, a complete topological vector space containing V as a
dense subspace, whose topology is defined by a (unique) norm on 1% extending x. The inclusion
V < V induces an isomorphism

grxvggrx V. (1.1)
We denote by Nr(V) the set of norms on V. It has a distinguished element xt,iv, the trivial
norm, such that xiv(v) = 0 for all v # 0, and it admits a scaling action by R~ and a partial
ordering defined by x < x/ iff x(v) < x/(v) for all v. Any two elements x, X’ € Ng(V) admit
an infimum y A X' € Ng(V), defined pointwise by

(A X)) (v) = min{x(v), x'(v)}-
For any subgroup A C R, we denote by Na(V) the set of norms with values in A U {+oc}.
Thus
{Xtriv} = N{o} (V) C NA(V) (- NR(V)
A norm x € Ng(V) lies in Ny (V) iff the R-grading of gr, V reduces to a A-grading.

Assume now that V' is finite dimensional. Any norm x on V admits an orthogonal basis (e;),
i.e. a basis of V' such that

X(EZ: aie;) = Zn;é% x(ei)

for all a; € k. Up to reordering, an orthogonal basis is simply a compatible basis for the flag
of linear subspaces underlying the filtration defined by y, and elementary linear algebra thus
implies that any two norms x, ¥’ on V' admit a joint orthogonal basis.

In particular, all norms on V' are equivalent, which means, in our additive terminology, that
X — X is a bounded function on V'\ {0} for all x, x’ € Nr(V). The classical Goldman—Iwahori
metric on Ng(V') is defined by

doo (X, X') = sup  |x(v) — X'(v)
veV~{0}

, (1.2)

where the supremum is achieved among the elements of any joint orthogonal basis for y and
X'. For later use, note that

X <X <X = doo(X) < doc(x, X"). (1.3)

The metric space (Nr(V),ds) is complete, but not locally compact as soon as dimV > 2.
Note also that Nz(V) is a closed, discrete subset of Ng(V'), while Ng(V) is dense. For any
X € Nr(V), we set

Amin = i , Amax = . 1.4
(x) Ueg,ligo}x(v) (x) Ueggfo}x(v) (1.4)

Thus

doo (X Xtriv) = max{Amax(X), =Amin(X)}-
Any norm y on V induces a norm on the dual space and on all tensor powers, in such a way
that the bases canonically induced by any given orthogonal basis of V' remain orthogonal. If
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m: V — V' is a surjective linear map, then x also induces a quotient norm x’ on V', such that
X' (v") = max{x(v) | w(v) = '} for all o' € V.

1.2. Norms on a graded algebra. Let now R = @, .y R be a graded k-algebra. It comes
with an action of k* for which a-s = a™s for a € k* and s € R,,. We write Ng(R) for the
set of vector space norms y: R — R that are

e superadditive, i.e. x(fg) > x(f) + x(g) for f,g € R;

o kX-invariant, i.e. x(a- f) = x(f) for a € k* and f € R; this is equivalent to x being

compatible with the grading of R, that is, x(D_,, sm) = miny, x(sm) where s,, € Ry;

e linearly bounded, i.e. there exists C' > 0 such that |[x| < Cm on R,, \ {0} for all m > 1.
Norms in Ng(R) are in 1-1 correspondence with graded, linearly bounded filtrations of R as
in [BC11, WN12]. Each x € Nr(R) defines a graded algebra

g, R=@Per Rm= & FRn/F Ry
meN (m,\)eENXR

Lemma 1.1. A norm x € Ng(R) is a valuation on R, i.e. it satisfies x(fg) = x(f) + x(g) for
all f,g € R, iff gr, R is an integral domain.

The set Ng(R) — [I,, Nr(Rn) is stable under the scaling action of Ry and infima; it
further admits an additive action of R, denoted by (¢, x) — x + ¢, such that
(x + ¢)(s) :== x(s) + em for s € R,. (1.5)

For any subgroup A C R, denote by Na(R) C Nr(R) the set of norms with values in AU{+oc}.
Norms in Nz(R) and Ng(R) will be called integral and rational, respectively. Integral norms
are in 1-1 correspondence with Z-filtrations, as considered in [Sz¢é15].

For any norm x € Ng(R), the round-down | x| € Nz(R), defined by

xJ(s) = [x(s)], s € R \ {0}, (1.6)

is an integral norm.

Example 1.2. Consider the algebra k[z] = k[z1,...,2,] of polynomials in n variables, with
the usual grading. For each & € R™, the monomial valuation
Xe( D €az?) = mina,€) = min{uuniv(ca) + {0, €)} (1.7)
aeNn “

defines a norm on the graded algebra k[z]. The completion of (k[z], x¢) is the algebra k{z;{}
of formal power series ), cqz® € k[2] such that limq (Viriv(ca) + (o, §)) = +00, whose norm is
still defined by . In multiplicative notation, k{z;£} is the polydisc algebra k{r~'z}, with
rj = e~%, a building block of Berkovich spaces [Berk9(), Berk93)].

From now on, we assume that R is finitely generated, so that each graded piece R,, is finite
dimensional.

Definition 1.3. We say that a norm x € Nr(R) is generated in degree 1 if R is generated in
degree 1 and, for any m > 1, the restriction x|g,, is the quotient norm of S™(x|r,) under the
canonical surjective map S™R; — Ry,.

Concretely, x is generated in degree 1 iff, given a x-orthogonal basis (s;) of Ry, any s € R,,
can be written as s =37, _,, ¢a [[; 57" With ca € k and x(s) = mine, 20 >_; 2ix(si)-

Lemma 1.4. For any subgroup A C R and x € Nx(R), the following conditions are equivalent:
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(i) x is generated in degree 1;
(ii) gry, R = D,,en 8Ty B is generated in degree 1;
(iii) there exists € € AN and a surjective map of graded k-algebras : k[z1,...,z5] — R
with respect to which x is the quotient norm of x¢ as in Ezample .

When this holds, we further have x € Na(R) for some finitely generated subgroup A’ C A.

Proof. Assume (i). Choose a x-orthogonal basis (s;)1<;<n of Ry, and set & := x(s;). As noted
above, any s € Rp \ {0} can be written as s = >, _,, ¢a [, s37 with x(s) = ming, 20 Y, @i;.
This already yields the final assertion, with A’ := ", Z¢;.

Define A as the set of a achieving min., .o > ; a;& = x(s) and set s" := > 4 ca ], 57
Then s — s € F>XOIR,, so s = s in gry Rm. This shows that S™gr, R1 — gr, Ry, is
surjective, and hence (i)=-(ii). If we define 7: k[z] — R by m(z;) = s;, then it is clear that x
is the quotient norm of x¢ with £ = (&), hence (i)=-(iii).

Conversely, any quotient of a norm generated in degree 1 is plainly generated in degree 1 as
well; hence (iii)=-(i). Assume now (ii), and pick again a y-orthogonal basis (s;) of R;. Each s €
Ry {0} can then be written as s =3, aa [[; 57" + 5" where aq € K, x(s) = 32, aix(si)
for all @ and s’ € F>XG)IR . Repeating the procedure with s’ in place of s and using the fact
that A — FAR,, jumps only finitely many times (by finite-dimensionality of R,,), we end up
with a decomposition s =37, ca [[; 57 such that x(s) = minc, 20 >_; @;x(s;). This proves
that x is generated in degree 1, thus (ii)=(i). O

1.3. Norms on section rings. Recall that L is an ample Q-line bundle on a projective variety
X. For any d € N such that dL is an actual line bundle, we write Ry := H°(X,dL), and denote
by
RY = R(X,dL) = €P Rina
meN

the d -th Veronese algebra, i.e. the section ring of dL; it is generated in degree 1 for all d
sufficiently divisible, since L is ample. When d divides d’, we have a restriction map Nz (R@) —
Nr(R@)), and we set

Ni = Ni(X, L) = lim N (R?), (1.8)

d

The set N inherits a partial order with finite infima, and commuting actions of R~g (by
scaling) and R (by translation).

An element y € Ny is represented by a norm on some R(? | two such norms being identified
if they coincide on some further Veronese subalgebra; for convenience, we simply refer to x as
a norm. For all m sufficiently divisible, we denote by x|r,, € Nr(R;,) the restriction of x to
Ry,

Remark 1.5. To define x|gr,,, one needs to choose a representative of x as a norm on some
R . But any other choice leads to the same norms X|R,, € Nr(Rn) form sufficiently divisible,
and the choice of representative can thus safely be ignored.

For any subgroup A C R, we similarly introduce

Ny i=lim Ny (R).
d

It can be identified with the set of x € Ng such that x(R,, \ {0}) C A for m sufficiently
divisible. Note that A is invariant under the scaling action of {t € R+ | tA C A} and the
translation action of the divisible group QA C R, by (|1.5).
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Example 1.6. Any (not necessarily ample) test configuration (X, L)/A" defines a norm xr €
Nz (see . In this case, the translation action by ¢ € Q corresponds to twisting L by cXy,
while the scaling action by d € Z~q corresponds to the base change A' — Al given by z — 2%,

The Goldman-Iwahori metric (1.2)) induces a pseudo-metric do, on Ng by setting
doo(Xa X/) = limsupm_l dOO(X’Rm?X”Rm) € RZO (19)
m

The limsup is taken with respect to the partial ordering on Z~ by divisibility, and it is finite, by
linear boundedness of x, x’. This pseudo-metric is not a metric (see however Proposition [2.8]):

Example 1.7. Pick any norm x € Ng, with round-down |x| € Nz, see (1.6). For m suffi-
ciently divisible, we then have doo(X|R,,» |X]|R.) < 1, and hence doo (X, | x]) = 0. In particular,
Nz is dense in Ny in the dso-topology.
We also introduce
Amax(X) = IHLH mil)‘maX(X’Rm% (1.10)

where Amax(X|g,,) is defined by (1.4 and the limit exists and is finite because m ™' Amax(X|7,,)
is increasing with respect to divisibility, and bounded by linear boundedness of x. Note that

X 2 Xtriv — doo(X7Xtriv) = )\maX(X)' (111)
1.4. R-test configurations.

Definition 1.8. We say that a norm x € N is of finite type if it is represented by a norm
on some R whose associated graded algebra gry R s of finite type.

Equivalently, a norm x € Mg is of finite type iff it is represented by a norm on some R(®
that is generated in degree 1, by Lemma, We denote by
Tr C MR

the set of such norms. In line with [DeSz20), HL20|, we interpret the elements of Tr as R-test
configurations. This is justified by the Rees construction, which sets up a 1-1 correspondence
between the subset

Tz .= Nz N Tr
of Z-valued norms in Tr and the set of (usual) ample test configurations for (X, L) (see Ap-
pendix [A]). For any x € Nz, note further that

X €Tz = @ FAR@ of finite type over k for r sufficiently divisible. (1.12)
AEZ
More generally, for any subgroup A C R we set
Ta =Ny N Tr.

As above, Ty is invariant under the scaling action of {t € Rs¢ | tA C A} and the translation
action of QA. In particular, 77 is invariant under translation by Q. It is also easy to see that

X € TA = Amax(X) € QA. (1.13)

By Lemma |1.4] we have

Te = U Ta
ACR finitely generated
The central fiber of an R-test configuration y € Tg is defined as the polarized scheme

(Xo, Lo) = (Proj (grx R<d>) ,d—10(1)) , (1.14)
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for d > 1 sufficiently divisible. If x € Tp with A ~ Z" finitely generated, the A-grading of
ery R@ provides a G, -action on (Xp, Lo).

The smallest value of 7 is called the rank of x; it is equal to 1 iff x is a usual test configuration,
up to scaling.

Remark 1.9. For an R-test configuration x € Tr, there does not generally exist a smallest
subgroup A C R such that x € Ty, because the subgroup A,, C R generated by the values of
X|r,, need not stabilize for m sufficiently divisible. However, the associated Q-vector space
QA does stabilize, its dimension being the rank of x.

Example 1.10. Ezxtending Emample suppose that (X, L) is acted upon by a torus T = GJ,.
Then each § € R" defines a norm x = x¢ € Ng, given by

X(s) = min {(, &) | a € Z', 50 # 0}
for s € Ry, with m sufficiently divisible, where s = 5o is the weight decomposition. This
norm satisfies

gr, R@ ~ @ @ R | = R,
AER \aeM, {(a,&)=\

which shows that x € Tr is of finite type, with central fiber isomorphic to (X, L). Further, x
lies in Tp for the finitely generated subgroup A =), Z&;.

Example 1.11. Pick an embedding X < PV in a projective space such that O(1)|x = dL
for some d > 1, and suppose we are given an action of a torus T = G7, on (PN,O(1)). By
Ezample each & € R" defines a norm on R(PN,O(1)), generated in degree 1, which
restricts to a norm in Tgr. By Lemma every element of Tr conversely arises in this way
(compare [HL20), Lemma 2.10] ).

Following [HL20, Ino22|, one can use Example to provide a geometric realization of
R-test configurations as equivariant polarized families over a toric base (see for a brief
discussion).

Definition 1.12. We define the canonical approximants of a norm x € Ng as the sequence
Xd € Tr defined for d € Z>1 sufficiently divisible by letting xq be the (class of the) norm on
R generated in degree 1 by xq.

If d divides d' then x4 < xo < x. As in Remark this construction is not entirely
canonical, as it depends on the choice of a representative of x, but this can be ignored as any
other choice leads to the same approximants x4 for d sufficiently divisible.

A norm y € N is of finite type iff x = x4 for all sufficiently divisible d . Note also that

X €ENax = xd € Ta
for any subgroup A C R.

1.5. The Berkovich analytification. By a valuation on X we mean a real-valued valuation
v: k(X)X — R, trivial on k. We denote by X" the space of valuations, endowed with the
topology of pointwise convergence on k(X)*. The trivial valuation vy, € XV is defined by
viriv(f) = 0 for all f € k(X)*.

By [Berk90)], the space X admits a natural compactification X", which as a set equals
X2 = [[Y* with Y ranging over all (closed) subvarieties of X. We somewhat imprecisely
refer to the points on X" as semivaluations on X. The support of a semivaluation in YV
X3 is the subvariety Y.
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By the valuative criterion of properness, each valuation v € XV2! admits a center ¢ x(v) € X,
characterized as the unique (scheme) point £ € X such that v > 0 on the local ring Ox ¢
and v > 0 on its maximal ideal. This applies to semivaluations as well, replacing X with a
subvariety, and thus defines a map cx: X*" — X (which turns out to be anticontinuous, i.e.
the preimage of an open subset is closed).

The space X" comes with a natural action of R-¢ by scaling (¢,v) — tv. This induces an
action (¢, ) — t - ¢ on functions ¢ on X" by setting

(t-9)(v) = to(t™'v), (1.15)
whose fixed points are functions that are homogeneous, i.e. p(tv) = tp(v) for all t € Ryg and
v e X3,

The set X" is also endowed with a partial order relation, for which v > o' iff cx(v) is a
specialization of c¢x (v') and v > v’ pointwise on the local ring at cx(v). The trivial valuation
satisfies v > vy for all v € X220,

A (rational) divisorial valuation v on X is a valuation of the form v = tordg, where E is a
prime divisor on a normal, projective birational model X’ — X and t € Q¢. The center cx (v)
is then the generic point of the image of F in X. For convenience, we also count the trivial
valuation vgiy as divisorial, i.e. we allow ¢ = 0 above. The set X9V of divisorial valuations is
dense in X" (see for instance [BoJ22al, Theorem 2.14]).

1.6. Semivaluations and line bundles. A semivaluation v € X?" can be naturally evaluated
on a section s € H°(X, M) of any line bundle M on X, by defining v(s) as the value of v on the
local function corresponding to s in any local trivialization of M at cx (v). Thus v(s) € [0, +o0],
v(s) > 0 iff s vanishes at cx(v), and v(s) = oo iff s vanishes along the support of v. Further,
v € XV iff v(s) < +oo for all s € H(X, M) ~ {0} and all line bundles M. We define a
continuous function |s|: X*" — [0, 1] by setting

|s|(v) := exp(—v(s)). (1.16)
Now suppose L is an (ample) line bundle. The Z-grading of R = R(X, L) defines an action
of Gy, on the affine cone Y := Spec R, which comes with a natural surjective Gp,-invariant

morphism 7: Y \ {0} — X, where the vertex o of Y is the point defined by the maximal ideal
@D,,~0 Bm. For any £ € X, the fiber 771(€) contains a unique Gy,-invariant point defined by
the homogeneous prime ideal generated by all sections s € R,,, m > 1 that vanish at &.

By general properties of the analytification functor in [Berk90], the Gy,-action on Y induces
an action of Gy(k) = k* on Y, and 7 induces a surjective k*-invariant map 72": Y2"
{we} — X", where w, € Y?" is the trivial semivaluation with support o, which satisfies w, =
+00 on ,,.¢ Rm- A semivaluation w € Y is k*-invariant iff w(}_, sm) = ming, w(sm),
where s,, € R,,.

It is easy to see [Lil7, §4.2] that if v € X1 then the set of k*-invariant points in (7)1 (v)

is of the form {wy c}eer, Where w, . is defined by

Wy ¢(s) = min{v(s,,) +em}  for any s = Zsm € R, (1.17)

m

and where the value v(sp,) is defined at the top of of this section. Note that w, . is centered
at the vertex o iff A > 0.

1.7. Valuations of linear growth and dreamy valuations. Following [BKMSI5|, we define
the mazimal vanishing order of (multisections of) L at v € X" as

T(v) :=Tp(v) =supmo(s) € [0, 4+00], (1.18)
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where the supremum is over m sufficiently divisible and s € R,, \ {0}. We say that v has
linear growth if T(v) < 4o00; this notion is independent of the ample Q-line bundle L. The set
Xlin = Xan of valuations of linear growth satisfies

Xdiv C Xlin c Xval.
Further, setting
deo (v, w) == supm ™~ Hu(s) — w(s)], (1.19)
where the supremum is again over m sufficiently divisible and s € R,, \ {0}, defines a metric

on X'™ such that (X" d,) is complete (see [BoJ22al, §11.3]). We refer to the du.-topology of
X'in as the strong topology.

Example 1.13. If 7: X’ — X is a proper birational morphism, with X' normal, and E C X’
is a prime diwvisor which is Q-Cartier, then T (E) coincides with the pseudoeffective threshold
sup{t > 0 | 7*L — tE € Psef(X)} (see [BKMS15, Theorem 2.24]).

Any v € X" defines a norm x, € N, given by x,(s) := v(s) for s € R,,, with m sufficiently
divisible. It satisfies Apax(xv) = T(v) (see (1.10))). Further, the map

Xxlin — Nr, ¥+ Xo

is injective, because the function field of X coincides with the homogeneous fraction field of
R for any d sufficiently divisible.

For any v € X" and ¢ € R, the norm Y, + ¢ can be viewed as a valuation on the affine
cone Spec R@ for d sufficiently divisible; it coincides with Wy,¢ in the notation of . By
Lemma [1.1] such norms are characterized as follows.

Lemma 1.14. A norm x € Ng is of the form x = xo + ¢ with v € X"™ and ¢ € R iff gry R
is an integral domain for some (or any) sufficiently divisible d .

When y € 7Tg is of finite type, the latter condition means that the corresponding central
fiber &j is reduced and irreducible, see (|1.14]).

Example 1.15. Suppose that a torus T acts on (X,L). By Ezample each € € Ny
defines a norm x¢ € Tr whose associated central fiber Xy ~ X is integral. By Lemma m,
Xe thus determines a valuation ve € X' which only depends on the T-action on X, and can
be obtained by the ‘action’ of £ € Nr C T®" on vyiv € X2 in the sense of ‘peaked points’
(see [Berk90, §5.2]).

In the terminology of [Fuji9a], a divisorial valuation v € X4V
is called dreamy (with respect to L).

such that y, is of finite type

Example 1.16. Assume X is normal and E C X is a Q-Cartier prime divisor. If v := ordg
s dreamy with respect to L, then the pseudoeffective threshold

sup{t > 0| L —tF € Psef(X)} = Tr(v) = Amax(Xv)

is necessarily rational (cf. Example |1.15 and (1.13)). Ezamples with an irrational threshold
are well-known (e.g. when X is an abelian surface of Picard number at least 2), and therefore
provide simple examples of non-dreamy valuations.

The next result generates examples of divisorial valuations that are not dreamy for any
polarization of X.
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Lemma 1.17. Pick a dreamy valuation v € X4 (with respect to a given ample Q-line bundle
L), and assume that v is centered at a closed point p € X (k), with valuation ideals

= {f € Ox, | v(f) = m).
Then the Rees algebra @,y am is of finite type over Ox p.

In particular, the (local) volume of v

|
vol(v) = liin %dim((’)x,p/am)

must be rational (see [ELS03]).

Proof. After replacing v with a multiple, we may assume that v is Z-valued, and hence that
Xv 18 a Z-filtration. By , the bigraded k-algebra @( Am)EZXN FARy,y, is finitely generated
over k for d sufficiently divisible, and hence so is the graded subalgebra @, . F™ Ram.

On the other hand, by [BKMSI5| Lemma 2.17], we can find d > 1 sufficiently divisible such
that Ox(mdL) ® a,, is globally generated for all m € N. Since H’(X,Ox(mdL) ® a,,) =
F™Rgy,, we infer that @, cx 6, is of finite type over Ox . O

Example 1.18. Assume k = C, dim X > 4, and pick a smooth point p € X (k). By [Kir03],
we can find a divisorial valuation v € XUV centered at p such that vol(v) is irrational. By
Lemmall.17, v is not dreamy with respect to any ample Q-line bundle L on X.

1.8. Fubini—Study functions. A Fubini-Study function (for L) is a function ¢ € CY =
CO(X31) of the form

p= % max{log |s;| + A;}, (1.20)
J

with m > 1 such that mL is a (globally generated) line bundle, (s;) a finite set of R,, without
common zeros, and \; € R. Recall that (T.20) means ¢(v) = L max;{—v(s;) + A;} for all
v e X see (1.16).

Remark 1.19. The function ¢ defines a continuous metric | - e~ on the Berkovich ana-
lytification of mL. This metric is the pullback of a standard (non-Archimedean) Fubini—Study

(or Weil) metric on O(1) under the morphism X — PN defined by (s;)o<j<n, which explains
the chosen terminology.

If the A; in (1.20]) can be chosen in a subgroup A C R, we say that ¢ is a A-Fubini-Study
function, and write Hp = H(L) C CY for the set of such functions. Thus
{0} = 7‘[{0} C Ha C Hr.
Note that
Ha = Hoa (1.21)
and Ha(dL) = dHa(L) for any d € Qsg. The set Hp is stable under finite max and under the
action of QA by translation.

Recall the action ((1.15)) of R-o on functions on X?". If ¢ is given by (1.20) and ¢ € R+,
then

t-p= % max{log |s;| + tA;}.
j

Thus Hp is stable under the action of R, while H p is stable under the action of the stabilizer
{t € Ryo | tA C A}. In particular, Hg is stable under the action of Q.
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2. HOMOGENIZATION AND THE FUBINI-STUDY OPERATOR

In this section we study the homogenization of a norm, and the related Fubini-Study and in-
fimum norm operators. We show that homogenization preserves norms of finite type, establish
a 1-1 correspondence between homogeneous norms of finite type and Fubini—-Study functions,
and we prove Theorem A in the case p = oo.

In what follows, £°° denotes the space of bounded functions ¢: X" — R, endowed with its
usual supnorm metric doo (0, ¢') := supyan | — ¢'|.

2.1. Homogenization. In this section, R = €,y Rm denotes any reduced graded k-algebra.

Definition 2.1. We say that a norm x € Ng(R) is homogeneous if x(f%) = dx(f) for all
f€eRanddeN.

In multiplicative terminology, this means that |||, = e™X is power-multiplicative, see [BGR].
It is easy to see that a norm x € Ng(R) is homogeneous iff the associated graded algebra gry R
is reduced. We denote by
NE™(R) C N (R)
the set of homogeneous norms on R. For any Veronese subalgebra R4 = DB,en Bam, d > 1,
the restriction map Ng(R) — Ng(R@) induces a bijection

NEem(R) 55 Npem(R(@), (2.1)
Any norm y € Nr(R) is dominated by a minimal homogeneous norm, namely its homogeniza-
tion "™, defined by
X"(f) = sup gx(f) = lim x(f9), (2.2)
a>1 d—o0
where the second equality holds by superadditivity of d + x(f?%) and Fekete’s Lemma. It

is indeed easy to check that (2.2]) defines a vector space norm on R that is superadditive,
k*-invariant, linearly bounded and homogeneous, i.e. an element "™ € NE™(R).

Remark 2.2. Note that || - || hom = e X""™() is the spectral radius (semi)norm of || - |l in the
(multiplicative) terminology of [Berk90].

Using standard but nontrivial results on k-affinoid algebras, we prove:

Theorem 2.3. Let x € Ng(R) be a norm generated in degree 1, with homogenization x"™.
Then:

(i) there exists C > 0 such that x(f) < x™™(f) < x(f) + C for all f € R;
(ii) the k-algebra grynom R is finitely generated;
(iil) if x € Na(R) for a subgroup A C R, then "™ € Nga(R).

Proof. Pick a surjective map of graded algebras 7: k[z] = k[z1,...,2x] — R and £ € RY such
that y is the quotient norm of x¢ (see Lemma . As in Example the completion of k[z]
with respect to x¢ is the polydisc algebra k{z;£}, and m induces a surjection k{z; £} — R onto
the completion of R, whose norm is the quotient of the norm x¢ of k{z;¢}.

As a consequence, R is a k-affinoid algebra in the sense of [Berk90], corresponding geomet-
rically to the affinoid domain Y# ND(r) of the Berkovich analytification Y* < AN-a% of the
affine cone Y := Spec R — AN = Speck]z], where D(r) C AN is the closed polydisc of
polyradius r = (e™¢1,...,e7V),

Since R is assumed to be reduced, it follows from the non-Archimedean GAGA principle
that R is reduced as well (see [Duc09, Théoreme 3.3]), and (i) is now a consequence of [Berk90,
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Proposition 2.1.4 (ii)], which states (in multiplicative terminology) that the spectral radius
(semi)norm of any reduced k-affinoid algebra is equivalent to the given norm.

Next, note that gr,nom R coincides, by definition, with the graded reduction of R in the sense
of Temkin [Tem04, §3]. By [Tem04, Proposition 3.1], the surjection k{z;&} — R therefore
induces a finite morphism gr,, k{z;{} — grynom R. Now we have gry, k{z; &} = gr, k[z] and
8Ty hom R~ gryhom IR, see (L.1). Thus grymom I is finite over gr, ) k[z] ~ k[T, which yields (ii).

Finally suppose that xy € Nx(R) for a subgroup A C R. In this case, we can choose £ € AV,
so k{T;¢} and R are both A-strict k-affinoid algebras. By [Temlh, 3.1.2.1 (iv)], we thus have
xPm(R ~ {0}) € QA, which proves (iii). O
2.2. Homogenization of norms on section rings. Returning to the setting of a polarized
variety (X, L) and its space of norms N (see §1.3)), we introduce:

Definition 2.4. Consider a norm x € Ng. Then:

(i) we say that x is homogeneous if it admits a homogeneous representative on R =
R(X,dL) for some d ;

(ii) we define the homogenization of x as the norm x
tion of any representative of x.

hom

€ Ng induced by the homogeniza-

By (2.2), x"™ is well-defined; it satisfies x"™ > ¥, and is characterized as the smallest
homogeneous norm with this property.

Example 2.5. For any x € Ng we have x"™ = (| x])P°™. This is indeed a direct consequence
of (2.2).
We denote by
Nﬂgom C NR

the subset of homogeneous norms. By (2.1)), we have

Ao 2 Ao (R(%) (2.3)
for any d such that dL is a line bundle. In other words, a homogeneous norm y € Ng is
well-defined on R,, = H°(X,mL) for any m such that mL is a line bundle.

Remark 2.6. An element of x € Ng is a norm on R\D for some sufficiently divisible d that
depends on x, so in general it does not make sense to talk about pointwise convergence of se-
quences or nets in Ng. By , it does however make sense when the norms are homogeneous,
as they are then defined on R any fized d such that dL is an honest line bundle.

The subset ./\/I[}gom is stable under minima, and under the scaling action of R<y and the
additive action of R. For any subgroup A C R, we set

/\/}lfom =N ﬂ/\/’H}{som.

Recall that Ny is equipped with a pseudo-metric ds, see ([1.9). Using (2.2)), it is straight-
forward to check:

Lemma 2.7. Homogenization x — x"°™ defines a projection Ng — Nﬂlgom which is equivariant
for the actions of R~g and R, commutes with minima, and satisfies

doo (X"™, X™™) < dos (0, X))y Amax(X™™) = Amax(X)
for all x,x" € Ng.

The restriction of do to /\/']1}%3Om is further well-behaved:
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Proposition 2.8. The restriction of d to /\/fgom is a metric. Furthermore, the metric space
(NEom d.) is complete, and contains NJ°™ as a closed subset.

Note that Né‘om is always a strict subset of J\/ﬂgom, thanks to the scaling action of Rsg. In
contrast, recall that N7 is doo-dense in Mg (see Example [1.7).

Lemma 2.9. Pickd > 1 such that dL is an honest line bundle, and view ds as a pseudo-metric
on NP (R yig (2.3). For all x,x' € N"™(RD) we then have

doo (X, X') = sup 2 oo (X| B> X' | Rona)-
m>1

Proof. By homogeneity of x, X/, we have for all m,l > 1

doo (X|Rpas X' |Bpna) = sup  |x(s) =X/ ()| =171 sup  |x(s") —X/(s))
SERmd\{O} SGled\{O}
<Ut osup @) = X O] =1 doo (X Rimas X Ripna)-
tEled\{O}

Thus m +— % doo(X|R,0» X' R,,q) 18 increasing with respect to divisibility, and (1.9) yields the
result (recall that the limsup in the latter formula is understood with respect to the divisibility
order). O

Proof of Proposition [2.8. Pick d as in Lemma For each m > 1, (Ngr(Rpmd), dso) is a com-
plete metric space, in which Nz(R,,q) sits as a closed subspace. This implies that NR(R(d)) —
[1,>1 Nr(Rina) is complete with respect to the metric

doo (X, X') 1= sup 25 doo (X| Rpas X | Rona)»
m>1

and that Nz(R@) — [Lns1 Nz(Rma) is closed. Tt is also clear that NEom(R@D) is closed in
Nz(R@®) with respect to dso, so the result now follows from Lemma O

Note that Lemma [2.9|ensures compatibility of the de-metrics on V™ and X1 (see (T.19)):

Corollary 2.10. The map v — X, defines an isometric embedding (X'™, ds) <= (NR™, doo),
i.e. doo(v,w) = doo(Xo, Xw) for all v,w € X',

For any subgroup A C R, we denote by
7—/{10m — 7;\ m'/\/‘ﬂ}gom — ’E{ mN/leom.

the set of homogeneous A-valued norms of finite type. As a straightforward consequence of
Theorem [2.3] we get:

Lemma 2.11. For any x € Tr, the following holds:
(i) Xhom c fﬁélom;
(ii) for m sufficiently divisible, doo(X|R,,, X"*™|R,.) is bounded, and hence doo (X, X
(iii) for any subgroup A C R, x € Ta = x"™ € 78/‘{“1

hom) =0

7

As we shall see, homogenization in fact maps 7Tp onto 781‘{‘“ (cf. Corollary . For A = Z,

the homogenization map 77 — 7(6}‘““ is closely related to integral closure (see Appendix |A|for
a detailed discussion).
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2.3. The Fubini-Study operator. Assume first that L is a globally generated line bundle.
To any norm x on Ry = H(X, L), we associate a function on X" by setting

FSr(x) := sup {log|s| + x(s)}, (2.4)
s€R1~{0}

i.e. FSL(x)(v) = supsep, - op{—v(s) + x(s)} for v € X**. Given a x-orthogonal basis (s;) of
Ry, one easily checks that

PSi(x) = max{log|si + x(s:)} € Hz (25)
see [BE21l Lemma 7.17]. This implies
A () = 5D FS1 () = FL00 (v (26)
as well as
X € Na(Ry) = FS(x) € Ha. (2.7)

for any subgroup A C R.

Lemma 2.12. Assume that L is a line bundle, and let x be a norm on R = R(X,L). For
each m > 1 we then have

FSmi(X|r,) = mFSL(x|R,),
and equality holds if x is generated in degree 1.

Proof. For each s € Ry ~ {0} we have x(s") > mx(s), and the inequality follows, by ([2.4)).
Assume that y is generated in degree 1. To get equality, we need to show

v(s) = x(s) —mFSL(x1)(v)
for all s € R, ~ {0} and v € X®. To see this, pick an orthogonal basis (s;) of Ry, and
write s = 37, Ca [ ]; s77 with x(s) = ming Y, o;x(s;) for some a with ¢, # 0. Then
FSL(x)(v) = maxi{x(si) —v(s;i)}, and hence

v(s) > m;%zaz ) > mana, —FSr(x1)(v)) = x(s) —mFSr(x1)(v),

which concludes the proof. O

Returning to the general case of a Q-line bundle, pick x € Ng, and set
FSm(x) == m™ ' FSir(x|r,.) € Hr

for m sufficiently divisible. By Lemma FS,,(x) is an increasing function of m with respect
to divisibility, and is further uniformly bounded, by linear boundedness of x. We may thus
introduce:

Definition 2.13. The Fubini-Study operator FS: Ng — L takes a norm x € N to the
bounded function FS(x): X*" — R defined as the pointwise limit

FS(x) :=1lim FS,,(x) = sup FS,.(x).
Recall that £ denotes the space of bounded functions on X?*". The bounded function

FS(x) is Isc (lower semicontinuous), being a supremum of continuous functions; it is however
not continuous in general (see Theorem below). By ([2.6) we have

)\max(X) = FS(X)(Utriv) (28)
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Note also that the canonical approximants x4 € Tg of any norm x € Ny satisfy
FS(xa) = FSa(x) € Hr (2.9)

for all d sufficiently divisible, by Lemma[2.12] In particular, if x € 7g is of finite type then the
limit in Definition [2.13]is stationary.

The Fubini-Study operator FS: Ng — £ is increasing with respect to the partial orderings
on Mg and £, and equivariant under the actions of R and R~¢. It is also easily seen to be
1-Lipschitz with respect to the deo-(pseudo)metrics, i.e.

doo (FS(x), FS(X)) < duo(x, X') for all x,x’ € Nk. (2.10)

As we see below, equality holds when y, x’ are homogeneous (see Corollary [2.17)).
The next result shows that F'S is invariant under homogenization.

Proposition 2.14. For any x € Ng we have FS(x) = FS(x"™).

Proof. That FS(x) < FS(x"™) is clear, since x < x"™. Now let v € X? and £ > 0.
Successively pick m > 1 sufficiently divisible such that FS(x"°™)(v) < FS,,(x"*™)(v) + ¢, then
s € Ry, ~ {0} such that m FS,,(x"™)(v) < x"™(s) — v(s) + me, and finally d > 1 such that

xom(s) < Ix(s?) + me, see (2.2). Then
FS(¢"™)(v) < 5g(x(s?) = v(s7) + 3¢ < FSpma(x)(v) + 3¢ < FS(x)(v) + 3¢,

m

completing the proof. O

The Fubini—Study operator relates norms of finite type and Fubini-Study functions, as
follows:

Proposition 2.15. For any subgroup A C R, we have
FS(Th) = FS(Ton) = FS(TE™) = Ha = Hoa.

As we shall see, the map FS: 76}/‘{‘“ — Hp is further 1-1 (see Corollary [2.18)).

Proof. If x € T then x = x,, for m sufficiently divisible, and hence FS(x) = FS(xm) =
FS,.(x) € Ha by ([2.7). Conversely, pick ¢ € Hy, and write ¢ = d™! max;{log|s;| + A\;} with
d > 1, a finite family (s;)i1<i<ny in Rq without common zeros, and \; € A. After enlarging the
family (s;) and choosing the corresponding A\; < 0 in A, we may further assume that (s;) spans
R4. Consider the surjective map k~ — R, that takes the canonical basis (e;) to (s;). Denote
by xo the norm on k" that is diagonal in (e;), with xo(e;) = A, and let xq € Nr(Rq) be the
quotient norm. It is then easy to check (see [BE21, Lemma 7.17]) that

p=d! mjax{log |s;| + Aj} = d™ FSar(xa)

By Lemma the norm x € Ny (R@) generated in degree 1 by x4 satisfies FS(x) = ¢,
which proves FS(7p) = Ha. By Proposition and Lemma we infer
Ha =FS(Ta) C FS(TgR™) C Haa,

which concludes the proof since Hoa = Ha, see (1.21)). O
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2.4. The infimum norm and homogenization. Next we define an operator
IN: £ — ANgo™

that to a bounded function ¢ on X" attaches a homogeneous norm, the infimum norm y =
IN(¢p). For any m € N such that mL is a line bundle, it is defined on R,, by

x(s):= inf {v(s)+mep(v)} = inf{me —log|s|}. (2.11)
veXan Xan
In ‘multiplicative’ notation, this is simply the usual supremum norm

Isll, = sup [s|e™™?,
Xan

compare for instance [BE21] §6]. The operator IN = IN, is increasing, and equivariant for the
actions of R and R+, i.e.

IN(p+¢) =IN(p)+e¢, IN(t-¢)=1tIN(p) (2.12)
for p € L>®, c € R and t € R~g. For any ¢, ¢’ € L, it is also easy to see that
IN(p A ¢') = IN(p) N IN(¥), (2.13)
doo (IN(), IN(¢")) < doo(, ') (2.14)
IN(¢) = IN(¢y), (2.15)

where ¢, € L denotes the Isc regularization of ¢, i.e. the largest lsc function such that
©x < . The following key result relates homogenization and infimum norms:

Theorem 2.16. For any x € Ng, we have IN(FS(y)) = xo™.

Corollary 2.17. For all x,x € Ng we have doo(FS(x),FS(X')) = doo(x™™, x'"™). In par-
ticular, the Fubini-Study operator defines an isometric embedding of complete metric spaces

FS: (VB dy) < (L%, dso).

Recall that do, also denotes the supnorm metric on the space £ of bounded functions on
xean,
The following result settles the case p = oo of Theorem A in the introduction:

Corollary 2.18. For any subgroup A C R, the Fubini-Study operator defines a surjective
isometry FS: (Ta,ds) - (Ha,dw), which factors as

e a surjective isometry (Tx,doo) — ( &{m, deo) defined by homogenization;

e an isomorphism FS: (%}Xm,dm) 5 (Ha, doo), with inverse IN: (Ha,dso) = (76};{“1, deo)-
For any homogeneous norm x € Nﬂgom, we further have FS(x) € Ha <= x € Toa-

The last equivalence fails in general for non-homogeneous norms, see Example
The proof of Theorem [2.16| uses the Berkovich maximum modulus principle as well as the
remarks in

Proof of Theorem [2.16, After passing to a multiple, we may assume that L is a line bundle
and x is a norm on R = R(X,L). Let M be the Berkovich spectrum of the normed ring
(R, x), i.e. the set of semivaluations w: R — R U {400} such that w > x. Geometrically,
M sits as a compact subset of the analytification Y?" of the affine cone Y = Spec R, and is
obtained as the image of the unit disc bundle in the total space of LV, i.e. the blowup of 0 € Y
(compare [Fan20]).

Since homogenization corresponds to the spectral radius seminorm construction (see Re-
mark , the Berkovich maximum modulus principle [Berk90, Theorem 1.3.1] (applied to
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the completion of (R, x)) yields "™ (f) = miny,epr w(f) for any f € R, where the infimum
is attained by compactness of M. In particular, for any s € Ry, ~ {0}, m > 1, we have

xPom(s) = minyen w(s). .
Let M™ be the set of k*-invariant semivaluations in M. We have a projection p: M — M™

defined by
Z Sm) HllIl w(Sm)

where s,, € R,,,. Thus p(w) < w, so in the formula for Xhom(s), it suffices to take the infimum
over w € M™. As in Consider the projection 7®": Y \ {w,} — X?", where w, is the
trivial semivaluation at the vertex of the cone; this satisfies w,(f) = +o0 for f € @,,~0 Rm
and w,o(f) = 0 for f € R\ @, Rm- For any v € X*", the set of k*-invariant points in
(m*)~L(v) is of the form {wy c}ccr, Where w, . is the unique k*-invariant point such that

Wy ¢(s) = v(s) + cm for s € Ry, m > 1, see (|1.17)).

It follows that M™ C M C Y is the set of semivaluations Wy, where v € X?" and
v(s) +me > x(s) for all s € Ry, m > 1. Note that this condition on ¢ means precisely that
¢ > FS(x)(v). Altogether, this means that if s € R,,, m > 1, then

O™ (s) = inf{v(s) + me | v € X2, ¢ > FS(x)(v)}

= inf{v(s) + mFS(x)(v) | v € X?*"}

= IN(FS(x))(s),
which completes the proof. O
Proof of Corollary[2.17. By Proposition we may assume that y, ' are homogeneous. By
Theorem [2.16] (2.14]) and (2.10)), we then have

doo (X, X') = dss (IN(FS(x)), IN(FS(X))) < doo(FS(x), FS(x')) < doo(x, X')-

Thus equality holds everywhere, and the result follows. O
Proof of Corollary[2.18. By Corollary2.17]and Lemma[2.11] the Fubini-Study operator defines

a surjective isometry FS: (7Ta,ds) = (Ha,ds), which factors as homogenization followed by

(7('5/‘{‘“, doo) = (Ha, doo), Whose inverse is necessarily given by IN, by Theorem This

1mphes that homogenization defines a surjective isometry (7x,doo) — (7(8/‘{“1, doo)-

The final assertion follows, by injectivity of F'S on Nﬂlgom.
O

2.5. Continuous norms. Building on the previous results, we are now in a position to char-
acterize the do.-closure of the set Tz of test configurations, as follows.

Theorem 2.19. For any norm x € Ng, the following are equivalent:

(i) x lies in the doo-closure of Tz;
(ii) x lies in the deo-closure of Tr;
(iii) the canonical approximants (xq) satisfy deo(xa, Xx) — 0;
(iv) FS(x) is continuous;
(v) FS(xq) — FS(x) uniformly on X?".

Definition 2.20. We say that x € Ng is continuous when the equivalent properties of Theo-
rem holds.

The set N§°™* of continuous norms is thus the deo-closure of Tz (or Tgr); it is a strict subset
of Ng as soon as dim X > 1 (see Example [2.21| below).
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Proof of Theorem[2.19. We trivially have (i)=-(ii). Assume (ii), and pick ¢ > 0. In view
of (1.9), we can find X’ € Tg and d > 1 such that

deo(X|R,,4s X'|R,,4) < mre for all m > 1. (2.16)

Replacing d with a multiple, we can further assume x/, = x’. For m = 1, yields x' < x+re
on Ry, and hence x' = x}; < xq + mre on Ry,q for all m > 1. On the other hand, yields
x < X'+ mre on R,,q, which proves xq < x < xq + 2mre on R,,q for all m > 1. This implies
doo(Xd, X) < e. This proves (ii)=-(iii), the converse being obvious since x4 € Tr.

Assume (ii). To prove (i), we may replace y with its round-down and assume x € N7 (see
Example Its canonical approximants then satisfy x4 € 7z, and hence (ii)=(i), thanks to
(iii).

Since FS(x) is the pointwise limit of the increasing net of continuous functions (FS(xq4)),
Dini’s lemma yields (iv)<(v). Finally, we claim that

doo(Xd> X) = doo(FS(xa), FS(X)) (2.17)

for d sufficiently divisible, which will show (iii)<(v). Note that
X < X < XM = oo (Xas X) < doo(Xas X
see ([1.3)). Now doo(xa, (xa)"™)) = 0 (see Lemma , and hence

doo (X X"™) = doo((xa) "™, X"™) = doo (FS(xa), FS(X)),

by Corollary 2.17 This shows doo(Xa,X) < doo(FS(xa), FS(X)), while the converse holds
by (2.10). This shows (2.17)), and concludes the proof. O

hom)

I

Example 2.21. To each subvariety Z & X we associate a norm x = Xz € /\/%10“1 by setting,
for each nonzero section s € R,, with m sufficiently divisible

X(S):{ 81 ifslz=0

otherwise.

We claim that x is not continuous. Indeed, using the description of xq as a quotient norm, it
is easy to check that any s € Ry, locally lies in I}, with p := xq(s) € N. Choosing s € Rgp, =
HO(X,rmL) that locally belongs to Iz but not I% (which is possible for any m large enough,
since L is ample), we get xq(s) = 1, while x(s) = rm. This shows doo(X|R,,, s Xd| Ry, ) = rm—1,
and hence doo(X, Xa) > 1, which proves the claim.

Alternatively, one can show that FS(x) is identically 1 on X** \ Z**, and 0 on Z*", and
hence is not continuous.

Example 2.22. As a variant of Example consider the norm x € Ngr defined for s €
R \ {0} by

(s) = m if s|lz=0
X =1 m— Vm  otherwise,

which is indeed a norm, by subadditivity of m — /m. Then x"™ = xiuy + 1, hence FS(x) =
FS(xP°™) = 1. In particular, FS(x) € Hgr; however, x is not of finite type. Indeed,

oo (X[ Ry X | Ry) = V0
is not bounded (see Lemma .

Remark 2.23. It follows from Ezxample that the set Ty of test configurations is never
dso-dense in Ng when dim X > 1. In contrast, Tz is dense with respect to any of the weaker
pseudometrics d,, p € [1,00) to be introduced in Sectz’on@ (see Corollary .
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We next analyze the behavior of homogenization on continuous norms.
Proposition 2.24. For each x € Nk, we have
X € N]}%ont — Xhom c N]féont — doo(X,Xhom) —0.

Further, homogenization induces a surjective isometry (NF™, doo) — (Nﬂiont’hom, doo)-

t,h .
Here N~ := NEO™ N NE™ denotes the set of continuous homogeneous norms.

Proof. The first equivalence follows from Proposition [2.14/and Theorem [2.19](iv). By Lemma[2.11]
deo(X, X™) = 0 holds on Tg. By deo-continuity of homogenization (see Lemma , this ex-
tends to the d..-closure ./\/'H}gom. This proves the second implication, which in turn yields the
last point, by the triangle inequality. O

When x € Ng is not continuous, the property deo(x, x"*™) = 0 fails in general; in other
words, homogenization is not a do.-isometry on the whole space N:

Example 2.25. Pick a subvariety Z & X, and set for s € Ry, \ {0}

m istI%
x(s) =< m/2 ifsely\I%
0 ifs¢ Iy

As one easily checks, this defines a norm x € Ng, such that o™ = x5 is the norm in
Ezample M Further, doo(X|R,,, X"™|r,.) = m/2 for m sufficiently divisible, and hence
doo (X, XO™) = 1/2.

Finally, recall from [BoJ22a] that the space CPSH of continuous (bounded) L-psh functions

on X* can be described as the closure of Hp (or, equivalently, Hg = Hz) with respect to
uniform convergence (see also below). We show:

Theorem 2.26. The Fubini—Study and infimum norm operators induce inverse isomorphic

isometries FS: (Nﬂgont’hom,doo) 5 (CPSH, dy), IN: (CPSH, ds) — (Nﬂéont’hom,doo).

Proof. By Corollary the Fubini—Study operator defines an isometric embedding of com-
plete metric spaces FS: (V™ dy) < (L%, doo), which thus maps the closure of any subset
onto the closure of its image. Now FS(71°") = Hg (see Proposition , where the closure
of Thom in (AVhom d_.) is NE™M™ (by Proposition and the closure of Hg in (£>,ds) is
CPSH. It follows that FS: (/\/ﬂ(éont’hom, dso) = (CPSH, dy) is an isometric isomorphism, whose
inverse is necessarily given by IN, by Theorem [2.16 U

2.6. The Fubini-Study envelope. As in [BE21 §7.5] and [BoJ22a, §5.3], we define the
Fubini-Study envelope of a bounded function ¢ € L% as the pointwise supremum

Q) = Qp(p) :=sup{y € Hr | ¥ < o} (2.18)

Since any 1 € Hg is a uniform limit of functions in Hg, one can replace Hr with Hg in this
definition. We note that

Qar(te) =dQr(e), Qt-9)=Q(p), Qlp+c)=Q(p)+c (2.19)

for all d € Qso, t € Rsp, ¢ € R, and refer to §4.4] for more information. We view the next
result as a ‘dual’ version of Proposition

Proposition 2.27. For any ¢ € L> we have IN(p) = IN(Q(p)).
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This is in fact a special case of [BE21, Lemma 7.23] but we repeat the simple argument for
the convenience of the reader.

Lemma 2.28. If ¢ € L™ and s € R, with m sufficiently divisible, then log|s| < me iff
log |s| <mQ(e).

Proof. We may assume m = 1. Since Q(¢) < ¢, we only need to prove the direct implication.
For ¢t € R, set ¢, = max{log|s|, —t}. Then ¢, € Hg, and ¢, < ¢ for ¢t > 0 since ¢ is bounded.
Thus 1, < Q(¢) by the definition of Q, so log|s| < ¥y < Q(¢p). O

Proof of Proposition|2.27. Pick s € R,, with m sufficiently divisible. We must prove that
A = infxan(my — log|s|) equals N := infxan(m Q(p) — log|s|). Since Q(¢) < ¢ we have
A < X. The reverse inequality follows from Lemma applied to the bounded function
© —m~ !\, together with . O

We similarly have a dual version of Theorem [2.16
Proposition 2.29. For any ¢ € L>, we have FS(IN(p)) = Q(¢p).

Proof. After passing to a multiple, we may assume that L is a line bundle, so that y := IN(y) is
anormon R = R(X,L). Forallm > 1and s € R,;,~{0}, we have log |s| < mp—x(s) on X?", by
definition of the infimum norm. By Lemma and (2.19)), this yields log |s| < m Q) —x(s),
and hence

FS(x) = sup{m ™' (log |s| + x(5)) [ m > 1, 5 € Ry ~ {0}} < Q(¢).
For the reverse inequality, pick any ¢ € Hg with ¢ < ¢. Since FS(Tr) = Hr (see Proposi-
tion [2.15)), there exists m > 1 and a norm ' on R, such that

mip =FSpp(X') = sup }{log |s| +x'(s)}.

SeRm\

Since 1) < ¢, this gives log |s| + x'(s) < me, i.e. X' < x|r,, on Ry,. As a result,
Y =m  FSpur(X) <m ™ FSpur(xlra) = FSm(x) < FS(0),
which completes the proof. ]

Combining Theorem and Proposition [2.29 with Propositions and we also
obtain

Corollary 2.30. We have FSoINoFS =FS on Ng, and INoFSoIN = IN on L.

3. SPECTRAL ANALYSIS

In this section we define a volume function vol: Ng — R as well as pseudo-metrics d,,
p € [1,00), on the space Ng of norms on section rings of multiples of L. Much of the material
is studied for more general non-Archimedean ground fields in [CM15, BE21], but we present
the details for the convenience of the reader.

3.1. The finite-dimensional case. We first describe the space Ng(V') of non-Archimedean
norms on a k-vector space V' of dimension N < oo, essentially following [MFK| BE21].

Pick a norm x € Nr(V), and a x-orthogonal basis (e;)i<j<n of V. After permutation, we
may assume that the sequence \j(x) := x(e;), 7 =1,..., N satisfies

At(x) > -+ = An(x)-
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It is then independent of the choice of orthogonal basis and is called the spectrum of x (i.e. the
‘jumping values’ of the associated filtration in the terminology of [BCI11]). In terms of (1.4))
we have

AL(X) = Amax(X); AN(X) = Amin(X)-
The volume of x is defined as the mean valueﬂ of its spectrum, i.e.

vol(x Z A

For any basis (e;) of V we have vol(y) > N~} Zj x(e;j) with equality iff (e;) is x-orthogonal.
More generally, any two norms x, x’ admit a common orthogonal basis (e;). The relative
spectrum of y with respect to x’ is the sequence

MO6X) Z - 2 A6 X))
obtained by reordering (x(e;) — X/(ej))1§j§N7 and the spectral measure of x with respect to x’

1
- N Z 5Aj(x,x/)'
J

is the corresponding probability measure

Its barycenter satisfies
/)\da X, X') Z)\ (x,x") = vol(x) — vol(x). (3.1)

When Y’ = Yy is the trivial norm, we snnply write

1
O(X) = O(X’ Xtriv) = N Z 5)\1-()()5
J

and call it the spectral measure of x. In terms of the associated R-filtration FAV = {yx > A},
we have

1
o(x) = > dim(FAV/F>AV) ). (3.2)
AeR
To any basis e = (e;) of V is associated an apartment Ae C Ng(V), defined as the set of
norms diagonalized in this basis. We then have a canonical parametrization
te: RN 5 A,
and a Gram—Schmidt retraction
Pe: NR(V) — Ae.
The map te sends ();) € RY to the unique x € Ae such that x(e;) = \;, while pe sends a norm
X to the unique norm pe(x) € Ae such that

pe(x)(e;) = sup x(ei + Za]e]
1<t

i.e. the norm induced, via the basis e, from the natural subquotient norm on the graded object
of the complete flag defined by e. By additivity of the volume in exact sequences, we have

vol(pe(x)) = vol(x), (3-3)

INote that a different normalization is used in [BE2T, BGM20], where the volume is defined as the sum of
the elements of the spectrum.
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see [BE21, Lemma 2.12]. Each A, is trivially preserved by the translation action of R, the
scaling action by R~g, and by the operation (x, x’) — x A x’. Moreover,

X <X = pe(x) < pe(X')-

3.2. Metrics on the space of norms. Generalizing the classical construction of the Tits
metric on the Euclidean building Ng(V) (see for instance [MFK| §2.2]), it is shown in [BE21]
Theorem 3.1] that each & y-invariant norm 7 on RY induces a unique metric d, on Nr(V)
such that te : (RY,7) < (Ng(V),d,) is an isometry for any basis e. It has the property that
pe: Nr(V) — Ae is a contraction. All metrics on Ng(V) obtained this way are equivalent.
They turn N (V) into a metric space that is complete, but not locally compact.

In particular, for each p € [1,00] we define a metric d,, on Ng(V') by setting for any two
norms Y, X’ with relative spectrum (\;) = (Ai(x, X))

dp(x,X') = (N7 Z [Aif?) 1/ (3.4)

for p € [1,00), and
doo (X, X') = max |Ay].

Thus dp(x, x") is the LP-norm of the identity with respect to the spectral measure o(x, x’).

Note that
11

1—= =
di <dp <dee P d} <du (3.5)

on Nr(V) for p € (1,00). The metric dz is the Tits metric mentioned above, while do, coincides
with the Goldman-Iwahori metric (1.2]). Our main interest lies in the metric dy, which is closely
related to the volume:

Lemma 3.1. For all x,x" € Ng(V) and p € [1,00) we have

dp (06 X = dp(x: X AX)P +dp(x A X X)P- (3.6)
For p =1, we further have
di(x, x') = vol(x) + vol(x) — 2 vol(x A X'). (3.7)

Proof. The first assertion follows from the fact that the minimum y A x’ of two norms in an
apartment Ag ~ RY is computed component-wise, and the trivial identity

D I = NP =D (A = min{ A AP+ ) Jmin{ A, A} — AP

for all \,\ € RY. On the other hand, it follows from (3.1 that x > x' = di(x,x’)

vol(x) — vol(x/), and (3.7) follows. O
The volume function is trivially 1-Lipschitz with respect to di, i.e.
| vol(x) — vol(x')| < di(x,X) (3.8)

for all x, x’ € Ng(V). This is also the case for the min operator:
Lemma 3.2. Let x;, x}, i = 1,2, be norms on V. Then

di(x1 A xe, X1 A Xa) < di(xi, x1) +di(xe, xb)- (3.9)
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Proof. First assume x; > x5, ¢ = 1,2. Pick a basis e such that x},x5 € Ae. Lemma

together with (3.3) show that replacing x; by pe(x:), ¢ = 1,2 does not change the right-hand

side of (3.9). As for the left-hand side, pe: Ng(V) — A being order preserving implies
pe(X1) A pe(x2) = pe(x1 A X2) = X1 A X5,

which shows that the left-hand side of (3.9) can only increase upon replacing x; by pe(xi),
i = 1,2, using again (3.3) and ({3.7)).

As a result, we may in fact assume that all four norms belong to Ae. Write x;(ej) = i ;
and xj(ej) = Aj; for 1 <j < N and i = 1,2. Then \;; > A} ; for all 4,5, and we must prove

that
Z A1 A A — Z A Ay < Z()‘l,j — A+ Z(/\Zj — A 5);
J J J J

this is straightforward.
Finally consider arbitrary norms. Set x7 = x; A x} for ¢ = 1,2. By (3.6) we have

1
di(x1 A xz, X1 A Xe) = di(xa A xe, X1 A xa) +di(xt Axa X7 AXxa)
and x;, X; > x7, for i = 1,2, so (3.9)) follows from what precedes, together with (3.6]). O

3.3. Spectral measures and volume. Now we return to the setting of a projective variety
X and an ample Q-line bundle L on X. The following equidistribution result is a special case
of a result of Chen—-Maclean [CM15], which deals with general non-Archimedean fields.

Theorem 3.3. For any two norms x, X' € Ng, the scaled spectral measures
(1/m)*0—(X’Rm? X/’Rm)
have uniformly bounded support, and they admit a weak limit.

The limit is taken with respect to the partial order by divisibility. If L is an actual line
bundle and x, ¥’ are norms on R(X, L), then the limit also exists as m — oo in the usual total
ordering.

Definition 3.4. For any x,x € Ng, the spectral measure of x with respect to ' is the
compactly supported (Borel) probability measure on R defined as

o X') = m(1/m)ao (X X

The spectral measure of x is o(x) := (X, Xtriv), and the volume of x is the barycenter
vol(y) = / Ado(x).
R

By (3.1)), we have
vol(x) = limm ™! vol(x|r,,)- (3.10)

Example 3.5. For any v € X"™ with associated norm x, € Nﬂgom, the spectrum of xy|r,, s
the vanishing sequence of Ry, with respect to v as defined in [BKMSI15], i.e. the (finite) set of
values of v on nonzero elements of R,,, counted with multiplicity, and

S(v) = Sr(v) := vol(xv) (3.11)
coincides with the expected vanishing order of [BLJ20] (see also [MR15]).
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The existence of the spectral measure o(x) (called the limit measure of the corresponding
filtration in [BHJIT, §5.1]) follows from [BC1I, Theorem A]. When y € 7z, the limit measure
coincides with the Duistermaat—Heckman measure of the corresponding test configuration,
see [BHJ1T, Proposition 3.12].

As we shall see, a simple trick borrowed from [CMI5] reduces the proof of Theorem to
this special case X' = Xtriv-

Proof of Theorem[3.3. The uniform boundedness part is a direct consequence of the linear
boundedness condition that we impose on norms in Ng(R). Set N,, := dim R,,, denote by
(Am,j)1<j<N,, the spectrum of x|g,, with respect to x’|g,,, and set

o = (1/m)x0 (X[ Rps X' |Rp) = Z% WA

As is well-known, in order to prove convergence of o,,, it suffices to show that
1 NTTL
max{\,c}do, = —— max{\; m,, mc
[ max{a.chder, iy 2 )

converges for all ¢ € R, see [CM15], Proposition 5.1]. But (max{\;,,cm}); is the spectrum of
X|r,, with respect to X'|gr,, A (x|r,, — c¢m). Replacing x’ with x’ A (x — ¢) (where R acts by
translation according to ([1.5))), we are reduced to proving that the barycenter

Ne) ™' " Ay
J

of the measure o, converges. Now, this barycenter is the difference of the barycenters of
(1/m),o(x|R,,) and (1/m)«o(X’|Rr,,), each of which admits a limit by [BC11, Theorem A}, and
we are done. O

The proof of Theorem [3.3] shows that

/max{)\, c}do(x,x") = vol(x) — vol(x' A (x — ¢)) (3.12)

for all x, x' € Nr and ¢ € R. Some further properties of the spectral measure o(x) are described
by the following result, which is a direct consequence of [BC11], see [BHJ17, Theorem 5.3].

Theorem 3.6. For any x € Ng, the support of o(x) is a compact interval with upper bound
Amax(X). Further, o(x) is absolutely continuous with respect to Lebesgue measure, except per-
haps for a point mass at Amax(X)-

The next result shows how spectral measures behave under operations on norms. It follows
from elementary computations of spectra in joint orthogonal bases; the details are left to the
reader.

Proposition 3.7. Let x,x' € Ng, and pick c € R, t € Rsg. Then:

() (X', x) is the pushforward of o(x,x’) under A — —\;
i) o(x + ¢, X') is the pushforward of o(x,x’) under A\ — X+ ¢;
(iii) o(x, x A X') is the pushforward of o(x,X’) under X — max{\,0};
(iv) a(tx,tx') is the pushforward of o(x,x") by X\ — tA.
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Remark 3.8. In [BLXZ21, Theorem 3.3] (which appeared after the first version of this article
was posted), the authors construct a natural joint spectral measure p(x, x’) on R? associated to
any pair x,X € Ng, that encodes the asymptotic behavior of the spectra of x and X' in jointly

orthogonal bases. The spectral measure o(x,Xx') is the pushforward of p(x,x’) under the map
R% — R given by (A, N) = A — X,

3.4. The d,-pseudometrics and asymptotic equivalence. Pick p € [1,00) and x, X' € Ng.
By definition, we have

(x| ¥, )P = /R AP do(xl s X )

Theorem [3.3] thus shows that the limit
dp(x,x) = limm ™" dp (x| Ry X' |, )

exists in [0, 400), and coincides with the LP-norm of the identity with respect to the spectral
measure o(y,x’), i.e.

dy(x, )P = /R APo (6 ). (3.13)

It is clear that (dp)1<p<oco is @ non-decreasing family of pseudo-metrics on Ng. For p = 1, (3.7)
further yields

d1(x, x') = vol(x) + vol(x') — 2vol(x A X'). (3.14)
For any p € [1,00], we have d; < d, < do. One also easily checks (using for instance ([3.13))
and Proposition [3.7))

dp(tx, txX') =tdp(x, X')s  dp(x+o, X +¢) =dp(x, X'),  dplx, x +¢) =|¢| (3.15)

for all x,x € Ng, t € Rog, c € R.

The pseudo-metric d; defines a (non-Hausdorff) topology on AR, which is strictly coarser
than the d,-topology for any p > 1. However, (3.5) remains valid on N, and shows that the
d,-topologies with p < oo all agree on ds-bounded subsets of Ng. In particular, they share
the same pairs of non-separated points, which gives rise to:

Definition 3.9. We say that two norms x,x’ € Ng are asymptotically equivalent, and write
X ~ X/, if the following equivalent conditions hold:

(1) dl(XaX,) = 0;
(ii) dp(x,x') =0 for all p € [1,00);
(iii) o(x,x") = do-
The equivalence between (i)—(iii) follows from ({3.13)). Since d; < doo, we trivially have
doo (X, X') =0 = x ~ .
The converse fails in general —and thus so does the analogue of (3.13)) for the pseudo-metric
ds (see, however, Corollary below for the case of continuous norms).
Example 3.10. Pick any subvariety Z G X, and consider the norm x = xz € Nz as in
Ezample(2.21 Using (3.2), it is easy to see that o(x|r,,) = emdo + (1 — €m)dm with
em = dimH(Z,mL)/dim H*(X, mL) = O(1/m).
Thus o(x) = limy,(1/m)«o(X|r,,) = 01, and hence x ~ Xuiv + 1 (see Proposition[3.7 (i1)). On

the other hand, since X # Xtiv + 1 are both homogeneous, we have doo(X, Xtriv + 1) > 0 (see
Proposition @)
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By (3.14)), we have:
Lemma 3.11. If x, X’ € N satisfy x > X/, then x ~ X' <= vol(x) = vol(x/).
As we next show, spectral measures are continuous with respect to the di-topology.

Theorem 3.12. Consider nets (xi), (x;) in Nr, converging respectively to x,x € Nr in the
dy-topology. Then o(xi, x;) — o(x, X') weakly.

Proof. Set o; := o(xi,x;) and o := o(x,x’). As in the proof of Theorem it suffices to
prove that

[ max{ e} do = vol(s) = vollxi A (xi - o)
converges to
/max{)\, c}do = vol(x;) — vol(x' A (xi — ¢))

for all ¢ € R, see (3.12]). This follows immediately from the Lipschitz property of the volume
and min operators, see (3.8)) and Lemma O

Corollary 3.13. For any x, X' € Ng, the quantities
(X, X');  Amax(x) and vol(x)
only depend on the asymptotic equivalence classes of x,x’. Further,
Xi ~ X §=1,2=> x1 A X2 ~ X1 A Xa-

Proof. The first claim follows directly from Theorem It implies the second one, as Apax ()
can be reconstructed from o(x) = o (X, Xtriv), by Theorem Finally, the Lipschitz properties
of the volume and the min operator (see and Lemm carry over to NVg, which takes
care of the last two claims. g

Following [Fuj19bl Zha20], we finally show:
Lemma 3.14. If x € Ny satisfies X > Xtriv, then
Amax (X) = doo (X, Xtriv) < Crp dp(X; Xtriv)
for all p € [1,00), with C, p = (”:p) p,
Note that C, ), — 1 as p — oo.

Proof. The first equality is . To prove the inequality, we argue as in [Zha20, §5].
Set Amax = Amax(X). By [BHILZ, Theorem 5.3], f(\) := o ([\, +00))"/™ is concave on
(—00, Amax(X)). Since x > Xiriv, the support of o = o(x) is contained in [0, Apax], and hence
f(0) =1. For X € [0, Apax|, we thus have f(\) > 1 — ﬁ, which yields

Amax Amax
dp(Xa Xtriv)p = /0 Ndo = pA )\pilf()\)n d\

A n 1
max - >\ _ p'n'
> N 1) ax=X /tpll—tndt—— AP s

and the result follows. O
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3.5. The space of norms modulo translation. For any p € [1, o0, the additive action of
R on Ny preserves the pseudo-metric dp, which thus induces a quotient pseudo-metric d, on
the space of norms modulo translation NVg/R, such that

d,06x) = Inf dy(x; X +¢)
for x,x’ € Ng. This supremum is actually achieved:

Lemma 3.15. For any x, X' € Ng, there exists ¢ € R such that d,,(x,x") = dp(x, X’ +¢) and
el <2dp(x, X)-

In particular, Qp(x, X') = 0 iff x, X’ are asymptotically equivalent modulo translation, in the
sense that x ~ x’+c for some ¢ € R (which is then uniquely determined by ¢ = vol(x)—vol(x’)).
When ' = xuiv we say that y is asymptotically constant.

Proof. By (3.15) , for all ¢ € R we have
le] = dp(X', X' +¢) < dp(X's X) + dp(x, X' + ©).
Thus d,(x, X' +¢) < dp(x, X') = |¢] < 2d,(x, x'), and hence
4,06 x) =inf{dy(x, X' +¢) | c € R, || <2d,(x, X))},

which is achieved by compactness.

Definition 3.16. For each p € [1,00), we define the LP-norm of x € Ng as

HXHP = dp(X, Xtriv + VO](X))-

This definition extends the notion in [Don02] of the LP-norm of a test configuration, see [BHJ17,
Remark 6.10]. Indeed, (3.13]) yields

Iz = / A= NP do(),

the p-th central moment of the spectral measure o(x), where A = [Ado(x) = vol(y) is its
barycenter. Note also that

Ix +cllp = lIxllps  [lExllp = tlixllp
for ce R, t € Ryg.

Proposition 3.17. Given a norm x € N, the following are equivalent:
(i) x is asymptotically constant;
(ii) [|x|[p = 0 for some p € [1,+00);
(ili) [|x|lp =0 for all p € [1,+00).

Proof. If x ~ Xtriv + ¢ with ¢ € R, then ¢ = vol(x), by (3.8)). The rest is straightforward. O

3.6. Convergence of the canonical approximants. The next result strengthens the ap-
proximation result proved in [BC11, Theorem 1.14] (see also [Boul4, Théoréme 3.15] and [Cod19]).
A version valid for arbitrary non-Archimedean fields is given in [Reb21l Theorem 4.5.4] (which
appeared after the first version of the current paper).

Recall that the canonical approximants x4 € Tg of a norm x € Ng, which are defined for d
sufficiently divisible, satisfy x4 < x and form an increasing net with respect to divisibility.

Theorem 3.18. For any x € Ng and p € [1,00), we have dp(xd4,x) — 0.
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Recall that the result holds for p = oo iff x is continuous (see Theorem [2.19)).

Corollary 3.19. For any p € [1,00), the set Ty of test configurations is dense in Ny in the
dp,-topology.

Proof. By Theorem 7Tz is dense in Tg for d-topology, and hence also for the d,-topology,
since d, < doo. It therefore suffices to show that Tg is d,-dense in Nk, which follows from
Theorem [3.18] since the canonical approximants of any norm lie in 7. O

By dj-continuity of spectral measures (see Theorem [3.12)) we also get:
Corollary 3.20. For all x,x' € Nr we have limg o (x4, x}) = o(x; X')-

Proof of Theorem[3.18 Since x4 < x is an increasing net, doo (X4, x) is decreasing, and hence
uniformly bounded. In view of (3.5)), it is thus enough to show the result for p =1, i.e.

a1 (xa, x) = vol(x) — vol(xa) = /R o) - o(xa)

tends to 0. Since (xq) is deo-bounded, the support of o(x4) is further uniformly bounded, and
it will thus suffice to show o(x4) — o(x) weakly. To prove this, we may, after replacing L by
a multiple, assume that R = R(X, L) is generated in degree 1 and that x is defined on R. We
recall the description of the spectral measure o(x) from [BC11]. The classical Hilbert-Serre
theorem guarantees the existence of the volume

|
V = vol(R) := lim n—n dim R,,,
mom

and we clearly have Vol(R(d)) = d"V. More generally, for each A € R, consider the graded
subalgebra R* C R with graded pieces

R) = {s € Ry | x(s) > mM\}.
Using Okounkov bodies [LM09, KK12], one shows that the volume

|
vol(RY) := lim % dim R},
mom

exists, and [BCI1I, Theorem 1.11] yields o(x) = —dg in the sense of distributions, where
g: R — [0, 1] is the non-increasing function defined by

g(\) := V= Lvol(RY).
For each d , we similarly have a family of graded subalgebras RV ¢ R with graded pieces
RN — Ry, ={s € Ram | x(s) > rmA},
and o(xq4) = —dgq with g;: R — [0, 1] defined by
ga(N) = (d"V) " vol(RMD),

Since the degree 1 part of RM(@ is equal to Rfl‘, Lemma below yields g4 — ¢ pointwise on
R. By dominated convergence, it follows that g4 — ¢ in L; .(R), and hence —dgqs = o(xq) —
—dg = o(x) weakly. O

Lemma 3.21. Let S C R be a graded subalgebra, and suppose we are given, for each d
divisible enough, a graded subalgebra T(d) C SP such that T(d); = S%d) = S4. Then
limg d=" vol(T'(d)) = vol(95).
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Proof. We use Okounkov bodies, following [Bould]. Set K := k(X), and pick a valuation
v: K* — Z" of maximal rational rank, equal to n (e.g. associated to a flag of subvarieties as
in [LMO09]). Set Ty, := v(Sp, ~ {0}) and I'(d),, := v(T(d)m ~ {0}) for m > 1. Let A(S) and
A(T(d)) be the closed convex hull inside R" of |J,, m™'T';,, and of |J,, m1T'(d), respectively.
Then vol(S) = n!vol(A(S)) and vol(T'(d)) = n!vol(A(T'(d))), so it suffices to prove that
limg vol(d—*A(T(d))) = vol(A(S)).

Since T'(d);, C Sgm, we get I'(d)y C Tgp, for all d,m, and hence d~*A(T(d)) € A(S) for
all d . If vol(A(S)) = 0, we are done, so we may assume A(S) has nonempty interior. Pick
compact subsets A and B of R" with A € B € A(S). It suffices to prove that d"1A(T'(d)) D A
for d sufficiently divisible. Now d~!'Z" N B = d"'T'y N B, see [Bould, Lemme 1.13]. If Ay is
the convex hull of d~'Ty, it follows that Ay D A. But T(d); = Sy, so I'(d); = I'y, and hence
d7YA(T(d)) D Aq D A, which completes the proof. O

4. NON-ARCHIMEDEAN PLURIPOTENTIAL THEORY

In this section we summarize results from [BoJ22a] that are relevant to our later purposes.

4.1. L-psh functions. An L-psh function ¢: X** — [—00,+00) is defined as the pointwise
limit of any decreasing net in Hq (or Hg), excluding ¢ = —oco. We denote by PSH = PSH(L)
the set of all L-psh functions. If ¢ € PSH, then ¢+ ¢ € PSH for all ¢ € R. If ¢, € PSH, then
max{p, ¥} € PSH. If (¢;); is a decreasing net in PSH, and ¢ is the pointwise limit of (¢;),
then ¢ € PSH, or ¢ = —oo. We can thus describe PSH as the smallest class of functions which
is invariant under max, translation by a constant, decreasing limits, and contains all functions
of the form m~!log |s| with m sufficiently divisible and s € R,,, ~ {0}
By Dini’s Lemma, the set
CPSH := PSHNC?

of (bounded) continuous L-psh functions is the closure of Hg (or Hg) in CY (in line with the
definition of a semipositive (continuous) metric in [Zha95, [Gub98|, [(CM1§]).

The set PSH is stable under convex combinations, and under the action (t,¢) — t - ¢ of
R~ on functions, see (1.15). If v,v’ € X*" and v < v/, then ¢(v) > ¢(v') for all ¢ € PSH. In
particular,

sup ¢ = i(llp © = @(Viriv)

for all ¢ € PSH.
A subset ¥ C X" is pluripolar if ¥ C {¢ = —oo} for some L-psh function ¢. This condition
is independent of the choice of ample Q-line bundle L, and 3 is pluripolar iff
T(X) := sup (supp —sup ) € [0, +o<] (4.1)
©ePSH N
is finite. If ¥ = {v} with v € X??, then T({v}) = T(v) as defined in (1.18), and the set
Xlin — X2 of valuations of linear growth thus coincides with the set of non-pluripolar points
v € X2 ie. such that every ¢ € PSH is finite-valued on v.

Since every divisorial valuation has linear growth, L-psh functions are finite-valued on X div
The restriction map PSH — R¥X ™ is further injective [BoJ22al, Corollary 4.23], and we endow
PSH with the induced topology of pointwise convergence on X%V, This is in fact equivalent
to pointwise convergence on X'" [BoJ22a, Theorem 11.4].

Note that since Hgr(dL) = rHr(L) we have PSH(dL) = dPSH(L) for any d >€ Q. To
study PSH(L) we may therefore in practice assume that L is an ample line bundle and that
R(X, L) is generated in degree 1.
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We refer to [BoJ22a, Example 4.13] for a concrete description of L-psh functions on curves.
See also Appendix [B] below for the toric case.

4.2. Monge—Ampere operator and energy on Hg. The mired Monge-Ampére opera-
tor on Hz = Hg associates to any tuple (¢1,...,¢n) € Hy a Radon probability measure
MA(¢1,...,¢n), defined as follows. Pick an integrally closed, semiample test configurations
(X, L;) for (X,L;) (with the same X) such that ¢; = ¢r,, see Appendix Denoting by
Xy =), b;E; the irreducible decomposition of the central fiber, we then have

MA(p1,. . n) = Y _bi(Lilp, - - Lol g,)0w,,

where v; € X4V i the divisorial valuation defined by E;.

Following the strategy by Chambert-Loir in [Cha06], the mixed Monge-Ampere operator
admits a unique continuous extension to the space CPSH of continuous L-psh functions (with
respect to uniform convergence), and this extension is in turn a special case of the with the
general theory developed in [CD12].

Lemma 4.1. For any ¢1,...,0n € Hg, the support of MA(p1,...,n) is a finite subset of
Xlin'

Proof. Set = MA(¢1,...,¢n) and ¥ := supp u. The finiteness of ¥ is proved in [BE21]
Example 8.11], as a consequence of [CD12| Proposition 6.9.2] and the invariance under ground
field extension of the Chambert-Loir-Ducros construction. By [BoJ22al, Proposition 7.21], we
further have [ u > —oo for any ¢ € PSH. Since ¢ is bounded above, this implies that ¢ is
finite at each v € ¥; thus v is nonpluripolar, and hence v € X!, O

We will use notation such as MA (o, (=7 with j copies of ¢ and n — j copies of 1), and
write MA(p) = MA(p{™). We then have MA(0) = ,,... .
The Monge—Ampére energy E: CPSH — R is the primitive of the Monge—Ampere operator

in the sense that p
Gl B-oe+w) = [w-oMae) (1.2
t=0

for ¢,1 € CPSH, normalized by E(0) = 0. As such, E is monotone increasing, i.e. ¢ > 1) =
E(¢) > E(¢). Integration along line segments yields

1

Bp) ~EW) = 57 > [ (0= 9) MAGD, pi ) (13)
=0

for ¢, 9 € CPSH, and hence

1 5 )
E(so)—nJrljZ;/msoMA(W,O ”)-

If ¢ € Hz = Hg is represented by a test configuration (X, £), then

Zn—i—l

Bo) = )
(n+1)(L")

where (X, L) — P! is the canonical compactification of (X, L) — Al
The functional E is concave on CPSH, which amounts to

E(p) — B(s) < / (¢ — ) MA(%) (4.5)
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for all ¢, € CPSH, by (4.2). Combined with (4.3)), this implies

o> = E(p) - B) ~ / (¢ — ) MA(Y). (4.6)

In addition to E, we introduce the translation invariant functional

I(.0) = [ (o= ¥) (MA®) - MA@)) 20,
which satisfies the quasi-triangle inequality

Hp1,02) S L1, 03) + 103, 02)- (4.7)

We also set
() :=1(,0) :=sup p — /«pMA(s@)~

The Monge—Ampere operator is homogeneous with respect to the action of R on continuous
L-psh functions ¢, in the sense that MA(t - ¢) = t, MA(p) for all ¢ > 0. Similarly, we have

E(t- o) =tE(p), I(t-¢) =t1(p).

4.3. Functions and measures of finite energy. The Monge—Ampere energy admits a
unique non-decreasing, usc extension E: PSH — R U {—o0}, given for ¢ € PSH by

E(p) := inf {E(y) | ¢ < 1) € CPSH}. (4.8)

We denote by

gl :={p € PSH | E(p) > —oc}
the set of L-psh functions of finite energy. In other words, functions in £! are decreasing limits
of nets ¢; € Hg with energy E(¢p;) uniformly bounded below.

The weak topology of £' is its subspace topology from PSH, and the strong topology on &
is the coarsest refinement of the weak topology for which E becomes continuous.

For a decreasing or increasing net (y;) in &€ 1 strong and weak convergence coincide, i.e.
¢j — ¢ strongly in £ iff ¢; — ¢ pointwise on X4V see Example 12.2 and Theorem 12.5
in [BoJ22a], respectively.

Denote by M the space of Radon probability measures on X?", endowed with the weak
topology. The main point in introducing the strong topology is that the mixed Monge-Ampere
operator MA, a priori only defined as a map (C° N PSH)"” — M, admits a (unique) extension
(ENH™ — M that is continuous in the strong topology on both sides.

Further,

(00, @1, ¢Pn) — /300 MA(p1,...,¢n)

is finite-valued and (strongly) continuous on tuples in £!. In particular, the functional I
from §4.2 extend continuously to £, and it induces a quasi-metric on £!/R that defines the
strong topology.

The energy of a probability measure p € M on X?" is defined by
B0 = sup {B0) - [ au}. (1.9
pell

where the supremum can be restricted to functions in Hg, by approximation. This defines a
convex, lsc function EV: M — [0, 4+00]. We denote by

M= {pe M|EY(n) < oo}
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the set of measures of finite energy. It comes with a strong topology, defined as the coarsest
refinement of the weak topology of measures in which EV is continuous. The topological space
M does not depend on L.

By , for any ¢ € £!, the measure y = MA(y) has finite energy, and ¢ achieves the

supremum in (4.9)), i.e.

EY(MA(¢)) = E(p) - / o MA(p). (4.10)

Conversely, a measure y € M! satisfies 1 = MA () with p € ! iff ¢ achieves the supremum
in (4.9). By a main result of [BoJ22a], the Monge-Ampere operator induces a topological
embedding with dense image

MA: EV/R < M1,
with respect to the strong topology on both sides.

4.4. Envelopes. Consider a bounded-above family (y;) of L-psh functions, and set ¢ :=
sup; ;. By definition, the usc regularization ¢*: X" — RU{—o0} is the smallest usc function
such that * > .

Lemma 4.2. The restriction of o* to XU coincides with ¢, and ©* is the smallest usc function
on X wnith this property.

Proof. By [BoJ22al, Theorem 5.6], points of X%V are non-negligible, which is a reformulation
of the first assertion. Consider next a usc function ¢: X** — R U {—oo} such that ¢y = ¢ on
X4V, For each i, we then have ¢; < 1 on X4V and hence on X, by [BoJ22al, Theorem 4.22].
Taking the supremum over ¢ yields ¢ < ¥ on X", and hence ¢* < 1), since 1) is usc. O

We say that (X, L) has the envelope property if ¢* is L-psh for each bounded-above family
of L-psh functions, using the above notation. It is proved in [BoJ22a, Theorem 5.20] that the
envelope property holds if X is smooth and k has characteristic zero, or in any characteristic
if dim X < 2 [GIKMIT]. For later use, we record:

Lemma 4.3. Let (p;) be a bounded-above, increasing net in E'. Set ¢ := sup; ¢;, and assume
that o* is L-psh (e.g. L has the envelope property). Then ¢* € E' and p; — ©* strongly in E'.

Proof. The first point holds because ¢* > ¢;, and hence E(¢*) > E(p;) > —oco. As recalled
above, we have ¢* = ¢ on X4V, Thus ; — ¢* pointwise on X4V, i.e. weakly in £!, and hence
strongly as well, since (p;) is an increasing net. O

Given a function ¢: X?" — R U {£oo} we define the psh envelope pointwise as
P(y) :=sup{y € PSH | ¢ < p}.
Note that the Fubini-Study envelope in (2.18) can be written
Q(p) =sup{y € Ho | ¢ < ¢} =sup{y € CPSH | ¢ < p}.

in both cases the convention sup() = —oo applies. Clearly Q(¢) < P(p) < ¢, and either
inf ¢ = —0co = Q(¢), or Q(y) is (finite-valued and) Isc. In the latter case,
Q) = P(ex) (4.11)

where @, is the Isc regularization of ¢ (see [BoJ22al, Lemma 5.19]). In particular, Q(¢) = P(p)
when ¢ is continuous.

The functions P(¢) and Q(¢) are not psh in general. For any ¢ € C° we have
P(p) = Q(p) <= P(p) € C* = P(p) € PSH,
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and these properties hold if (and only if) L has the envelope property. For the next result,
see [BoJ22al, Corollary 5.18].

Lemma 4.4. Assume that (X,L) has the envelope property, and consider a usc function
p: X - RU{—o0}. Then:
(i) either P(p) € PSH or P(p) = —oo;
(ii) if ¢ is the pointwise limit of a decreasing net of usc functions p;: X** — RU {—o0},
then P(¢;) \« P(¢) pointwise on X",

Denote by £ C £ the space of bounded L-psh functions. A function ¢ € £ is regularizable
from below if there exists an increasing net (y;); in CPSH that converges to ¢ in PSH (i.e.
pointwise on X4V). Such a net can then be chosen in Hg, and converges strongly to ¢ in L.
We write

& ce™®
for the space of L-psh functions regularizable from below. If the envelope property holds, then
a bounded function ¢ € £ lies in S?O iff its discontinuity locus {¢, < @} is pluripolar [BoJ22al
Theorem 11.23].

Remark 4.5. Assuming the envelope property, the inclusion 5?0 C E™ s strict if n > 1,
whereas CPSH C EX° is strict as soon as n > 2. See Examples 13.23 and 13.25 in [BoJ22al.

For any bounded function ¢ € £, denote by Q*(¢) := Q(p)* the usc regularization of

Q(p)-
Lemma 4.6. Assume that (X, L) has the envelope property. Then:

(i) Q*: L — L™ is a projection operator onto EL°5

(ii) for all ¢, € E° we have Q*(p A Y) =P(p A ).
Proof. (i) follows from [BoJ22al, Theorem 13.24]. Pick ¢, € €. By we have Q(pAY) =
P((@ A )x) = P(px A 1hy). Since g, are regularizable from below, their discontinuity locus
is pluripolar, i.e. . = ¢, ¥, = ¥, and hence p, A ¥, = @ A 1, outside a pluripolar set.
By [BoJ22al, Theorem 13.20], it follows that P(p. A ¥,)* = P(p A ¢)*, which coincides with
P(p A1) since ¢ A4 is usc (see Lemma [4.4)). This proves (ii). O

4.5. The extended energy. Recall from [BoJ22al §8]E| that the extended Monge—Ampére
energy of an arbitrary function ¢: X?" — RU {£o0o} is defined as

E(p) := sup{E(¢)) | ¢ € PSH, ¢ < ¢} € RU {£o0}. (4.12)
Note that E((p) = E(P((p)), since any ¥ € PSH satisfies ¥ < ¢ < ¢ < P(p). If p: X" —
R U {400} is Isc (and hence bounded below), then P(¢) = Q(¢), see (4.11]), and hence
E(p) = E(P(9)) = E(Q(p)) = sup{E(®) | ¢ € Hz, ¥ < ¢}. (4.13)
A Dini-type argument (see [BoJ22al, Proposition 8.3]) further yields:

Lemma 4.7. The functional ¢ — E(gp) s continuous along increasing nets of bounded-below
Isc functions.

Following [BoJ22b|, we say that (X, L) has the weak envelope property if there exists a
birational model 7: X’ — X and an ample Q-line bundle L’ on X’ such that 7#*L < L’ and
(X', L) has the envelope property. This is for instance the case whenever chark = 0, or if
dim X < 2.

2In loc. cit., the extended energy was simply denoted by E(p).
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Lemma 4.8. Assume (X, L) has the weak envelope property, and pick any bounded-above
family (i) of L-psh functions. Set ¢ := sup; p;. Then:

(i) = on X, N N

(ii) if ¢ is further bounded below, then E(p*) = E(p).

Proof. Point (i) means that each v € X! is non-negligible. Use the previous notation. Since
7 is birational, we have 7= ({v}) = {¢'} with o' € X", By [BoJ22a, Lemma 5.4], it suffices
to show that v’ is non-negligible, and this follows from [BoJ22al Theorem 13.17], which applies
because (X', L') has the envelope property. Finally, (ii) follows from [BoJ22bl Theorem B], as
the assumption guarantee that P(¢) = . O

5. DARVAS METRICS

In this section, we study the metrics on the spaces Hg, £' and M induced by the d;-
pseudometric of Ng, and prove the main part of Theorem B.

5.1. Volume vs. energy. The next result will be a key tool in what follows.
Theorem 5.1. For any x € Ng we have vol(x) = E(FS(x)).

Here FS(y) is bounded and lsc, but not L-psh in general, and E(FS(x)) is its extended
energy (see §4.5)).

Proof. Consider the round-down X’ := [x] € Nz. Then do(x,X') = 0 (see Example [L.7),
and hence FS(x) = FS(x/), vol(x) = vol(x’). As a result, we may and do assume x € N7.
By Theorem the canonical approximants ygq € Tz satisfy vol(xq) — vol(x). On the
other hand, FS(x4) = FS4(x) increases pointwise to FS(x) (see (2.9))), and hence E(FS(xq4)) =

E(FS(xa)) — E(FS(x)), by Lemma

We are thus reduced to the case x € Tz, which is a consequence of [BHJ17]. Indeed, x
corresponds to an ample test configuration (X, L) for (X, L) under the Rees correspondence
(see Appendix [A). By [BHJ17, Proposition 3.12], the spectral measure o(x) coincides with the
Duistermaat—Heckman measure DH(X, £), and passing to the barycenters yields

(En+1)
llx) = ——+—
by [BHJ17, Lemma 7.3]. By (4.4), the right-hand side is also equal to E(FS(x)) = E(FS(x)),
and the result follows. O

Corollary 5.2. Any norm x € Ngr is asymptotically equivalent to its homogenization, i.e.
hom
X~ X .

Proof. Since x < x"™ it suffices to show vol(y) = vol(x"°™) (see Lemma [3.11]). This follows
from Theorem since FS(x) = FS(x"°™) by Proposition O

Corollary 5.3. For any ¢ € £ we have vol(IN(¢)) = E(Q(¢)) = E(¢4).

Proof. Since IN(¢,) = IN(¢) (see ([2.15)), we may assume that ¢ is lsc, and hence E(yp) =
E(Q(¢)), see (4.13)). Now FS(IN(¢)) = Q(¢), by Proposition and we conclude by Theo-

rem [5.11 O
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5.2. The Darvas metric on Hg. Recall from Corollary that the operators
FS: (’ER’dOO) - (HR7dOO)a IN: (HRdeO) — (madoo)

are isometries such that FSoIN = id.
For any p € [1, 00], the pseudo-metric d,, on Tr C N satisfies d, < doo; it is thus constant
along the fibers of F'S, and hence descends to a pseudo-metric d, on Hg, such that

FS: (Tr,dp) - (Hr,dp), IN: (Hgr,dp) — (Tr,dp)

are isometries. Theorem A asserts that d, is a metric on Hgr. Since d, > di, this follows from
the following more precise result.

Theorem 5.4. The pseudo-metric dy on Hgr is a metric, uniquely characterized by

o > = di(p,?) = E(p) — E(¢); (5.1)

di(p,¥) = inf{di(p,7) + di(7,¥) | T € Hr, T < p AP}, (5.2)
for all v,y € Hp.
Proof. We first prove that d; satisfies (5.1]) and (5.2)), which will take care of uniqueness. Pick
0,9 € Hg, and set x := IN(¢), X' := IN(¢0). Then FS(x) = ¢, FS(x') = ¥, and Theorem
implies vol(x) = E(¢), vol(x') = E(¢). If ¢ > 4, then x > x/, and (3.14) yields

di(p,9) = di(x, ') = vol(x) — vol(x') = E(p) — E(¥),

which proves (5.1). Next, pick ¢ > 0. Applying Theorem to x A X’ yields x” € Tr such
that x” < x A x and di (X", x A X') <e. If we set 7:= FS(x") € Hg, then 7 < p,7, and

di(p,7) + di(r,¥) = di(x, X") + di (X", X')
<di(Gex AX)+Hdilx AXL X)) + 2
=di(x, X') + 2 = di(p, ¥) + 2,

where we have used ([3.14). This proves (5.2)). Assume now d;(p, %) = 0. By (5.1) and (5.2)),
there exists a sequence (7;) in Hg such that 7; < ¢,¢ and E(7;) — E(p) and E(r;) — E(¢).

By [BoJ22al Proposition 12.6], it follows that (7;) converges to both ¢ and v in £, and hence
= 1, since the topology is separated. This proves, as desired, that d; is a metric on Hg (this
conclusion alternatively follows from (5.7)) below). g

5.3. The Darvas metric on £'. We next prove that the metric d; on Hg canonically extends
to &1, yielding an analogue in our context of the metric introduced by Darvas [Dar15b] in the
complex analytic setting.

Theorem 5.5. There exists a unique metric di on €' that defines the strong topology and
restricts to the previous metric d; on Hg. Further:

(i) for all p,v € CPSH, we have

di(p, ) = E(p) + E(¥) — 2E(P(p A¥)); (5.3)

(ii) the metric space (E£',dy) is complete iff the envelope property holds for (X, L);
(iii) if the envelope property holds, then (5.3) remains valid for all p,v € EY, and P(p A1) €
gL
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Recall that the envelope property holds whenever X is smooth and char(k) = 0, and fails
if X is not unibranch. We refer to the metric d; on ! as the Darvas metric. By [Reb20],
(E',dy) is a geodesic metric space.

Our strategy to extend d; to €' is to compare it to the functional
Lp,9) :=1(p, %) + [sup p — sup ¢|.

It was indeed proven in [BoJ22al §12.1] that I is a quasi-metric on €' that defines the strong
topology, and further satisfies

Lo, ) =g, o V) + 10 V1, 9) (5.4)
Set

[(p) :=1(¢,0), di(p):=di(p,0).
By the quasi-triangle inequality, implies

I(p V) < max{I(y), I(¥)}. (5.5)

Lemma 5.6. The quasi-metrics di and I on Hgr are Holder comparable, in the sense that
di(p, ) < U, ) max{I(p), I(y)}' (5.6)
I, 9) S di(p,¥)* max{di (¢), di ()} 7%, (5.7)

with o :=1/2". In particular, di(p) ~ I(p).
Proof. Assume ¢ > ). Then (5.1 and (4.6) show that

A, ) = E() ~ E@) ~ [ (o~ ) MAW)
and hence

I(p.0) = / (0 — ) (MA() — MA(9)) < di (0, ).

Now we can write
(o, 0) = / (0 — &) MA(Y) + / (o — ¥)(MA(0) — MA(p)). (5.8)

As a special case of [BoJ22a, Lemma 7.30] we also have the estimate

/(90 — ¢)(MA(0) — MA(SO))‘ < U, v)* max{I(e), I(x)}' 7

Since I < I, this yields on the one hand
di(p, ) S U, ) + L, ) max{I(p), ()}~

< L, 9)* max{I(p, ), (), L(y)}

< L, ) max{I(p), L)} 7.
Since I < dj, we get on the other hand

L, ) S di(p,¥) + dilp, ¥)* max{di (), di ()}~
S dip, 9)* max{di(p), di ()} 7

This proves , and when ¢ > 1.
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Now consider arbitrary ¢, € Hr. To prove (5.6)), set o := @V € Hg. From what precedes
and (5.5)), we have
di(p,0) SUp,0)* max{I(p),1(¢}' " and  di(¢,0) S (¢, 0)* max{I(p),I(}' ",
which together with the triangle inequality for d; yields (/5.6]).
The proof of (5.7)) is similar. By (5.2) we can pick 7 € Hr with 7 < ¢, such that

max{di(7,¢),d1(7,9¥)} < di(e,¥), and hence di(7) < max{d;(y),d1(x}. Since 7 < ¢, 1), the
first step yields

(e, 7) S di(p, ) max{di(p), di (1)} S di (e, 9)* max{di(p), di (¥}~
(4, 7) < di(¥, 7)* max{di (), d1 ()}~ < di(p, %) max{di (), d (¥},
and the quasi-triangle inequality for I yields (5.7). O

Proof of Theorem[5.5. Since Hg is dense in £, uniqueness is clear. Given ¢, € &', pick
sequences (¢;), (¢;) in Hr converging strongly to ¢ and v, respectively (for example, we can
use decreasing sequences). Thus lim; I(y;, ¢) = lim; I(1);, %) = 0. Using this implies that
(d1(i, 1)) is a Cauchy sequence, so that di(¢,v) = lim; di(p;, ;) exists. It is easy to
see that it does not depend on the choice of sequence (¢;) and (1), and that the extension
is a pseudo-metric on £'. Further, the estimates of Lemma still hold for ¢, € £'. In
particular dq(p, 1) = 0 iff I(p, ) = 0 iff ¢ = 1, so d; is a metric on £!. These estimates also
show that d; and I share the same Cauchy sequences in £, so that (£',d;) is complete iff
(E,1) is complete. By [BoJ22al Theorem 12.8], this is also equivalent to the envelope property
for (X, L), which proves (ii).
Next, pick ¢, € Hr. By and , we have
di(p,¥) = inf {di (0, 7) + di(7,¥) | 7 € Hr, T < @ A}
= E(p) +E(¥) — 2sup{E(¥) | ¥ € Hr, < @ A1}
= E(¢) + E(¢) = 2E(P(¢ A 9)),

see . Since d; < duo, all terms are continuous with respect to uniform convergence, and
the identity therefore remains valid on CPSH, which yields (i).

Finally, assume that the envelope property holds. Pick ¢, € £!, set p := P(p A 1)),
and choose decreasing nets (;), (¢;) in Hr converging to ¢, . By Lemma[4.4] we either have
p € PSH or p = —o0, and P(¢p; A1);) decreases pointwise to p. Since holds for ;, ¥; € Hg,
it also holds for ¢,1, by continuity of E along decreasing nets. In particular, E(p) is finite,
and hence p € £!. This proves (iii). O

As in [DDLI8|, Theorem 3.7], we next provide a comparison of the Darvas metric d; on £!
with the functional Iy: €1 x €1 — Rs( defined by

L(p.1h) = / o — ¥|(MA(p) + MA(¥).

This functional is obviously symmetric, and it separates points, as a consequence of the Dom-
ination Principle (see [BoJ22al Corollary 10.6]). For all ¢,v € £!, we further have

Li(p,¥) = i(p, o V) +11(0 V9, 0). (5.9)

As with I and I, this follows from the Locality Principle (see [BoJ22a, Theorem 7.40, Proposi-
tion 7.45]).

Theorem 5.7. For all o, € ' we have d1(p,1) ~ 11 (p,1)).
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The proof relies on the following analogue of [DDL18|, Lemma 3.8].
Lemma 5.8. If ,¢ € ' and p := F(¢ + ), then di(p, ) ~ di(p, p) + di(p, ¥).
Proof. By approximation, we may assume ¢, € Hgr. Pick any 7 € Hr with 7 < ¢ A¢p. Then
T < ,1,p, and yields
di(p, p) + dilp,¥) < dilp,7) + du(¢,7) +2da(p, 7)
= (E(¢) = E(7)) + (E(¥) — E(7)) + 2(E(p) — E(7))
(

~ [(e-nMAM) + [ -r)MAE) +2 [ (0 1) MAR)

:2/(¢—7)MA(7)+2/(¢—7)MA(7)

~ (E(¢) — E(7) + E(¢) — E(7)) = di(p, 7) + di (¥, 7).
Here the first inequality is simply the triangle inequality for di, whereas the third and fifth

lines follow from (4.6)). By (5.2)), the infimum over 7 of the right-hand side equals d;(p, 1) and
we are done. 0

Proof of Theorem[5.7. Since di(p, ) and Iy (p, 1)) are both continuous along decreasing nets,

we may assume Wlog 0, € Hpr. Let us start by proving d; (¢, ) < Ii(p,v). By (5.9) and the
triangle inequality for dj, it suffices to consider the case ¢ > 1. But in this case,(4.6)) yields

di(p, 1) = B(p) — B($) ~ / (0 — &) MA() < Ti(p, )

It remains to prove di (g, ¥) > Li(,1). Set p := 1(p + 1)) € Hr, so that Lemma gives
di (¢, ) =~ di(p, p)+d1(p, 7). Pick e > 0. By (5.2)), we can find o, 7 € Hg such that o < @ Ap,
T < pAt, and

d1(80>p) > dl(@va) + dl(ga p) —¢ and dﬂp,'[ﬂ) > dl(p>T) + d1(7—7¢) - &,
and hence
di(p, ) Z di(o,p) + di(p, 7) — 2e.
As o < p, we have

dy(0,p) = E(p) — E(o) > / (p— ) MA(p) > 2" / (p— o) (MA(p) + MA(¢)),

where the last inequality follows by expanding MA(p) = MA(3(¢ +¢)). Combining this with
the analogous lower bound on d;(p, 7) yields

Qe )2 [ (20— 0~ TIMA() + MAW)) 2.

We conclude by noting that 2p — o — 7 > %](p — 1| and letting £ — 0. O
5.4. The Darvas metric on M!. By [BoJ22al, Proposition 12.7], the Monge-Ampere oper-
ator induces a topological embedding with dense image

MA: EV/R < M1,
where £! and M! are both equipped with the strong topology. In particular, the quotient

topology of £'/R is Hausdorff. Since the action of R on £! by translation preserves dj, the
topology of £1/R is defined by the quotient metric

di(p,9) = inf di(p + ¢, 9). (5.10)
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Note also that the isometric surjection FS: (Tg,d;) — (Hg, d1), being equivariant with respect
to the action of R, induces an isometric surjection

FS: (lﬁﬁ/l&dl) - (HR/R7Q1)7 (5'11)

where d; respectively denotes the restriction of the quotient metric on Vg/R and £'/R.
As in the proof of Lemma [3.15 we have:

Lemma 5.9. For all p,¢ € EY, there exwists ¢ € R such that d,(p,v) = di(¢ + ¢,7) and
lc] < 2di(p, ) S max{I(p), ()}

This provides another reason why (5.10]) defines a metric on £!/R.

Theorem 5.10. There erists a unique metric di on M! that defines the strong topology and
restricts to the quotient metric (5.10) on E'/R < M'. Furthermore, the metric space (M*,d;)
is complete.

Note that completeness this time holds with or without the envelope property, in contrast
with Theorem As with the latter, the proof is based on a comparison of d; with the
translation invariant functional I: £! x &1 — Rxy.

Lemma 5.11. The quasi-metrics d; and I on E'/R are Hélder comparable, i.e.

di(p,9) S Up, ) max{I(p), 1(¥)}' 7, (5.12)
(e, %)  di(, %) max{d; (), dy (¥)}' 7 (5.13)
for all p,v € EY, with a := 1/2". In particular, d;(¢) ~ 1(p).

Proof. By translation invariance of I and d;, we may assume sup ¢ = supt = 0. Then (5.12))
follows directly from (5.6)), since d;(¢,?) < di(p,?). By Lemma we can find ¢ € R such

that d; (o, ¥) = di(p + ¢,¢) and |¢| < max{I(y),1(¢))}. By we infer
I, ) < e+, v) sdlmw)“max{u ) 1) (5.14)
In particular, I(¢) < d;(¢)*I(¢)' =, hence I(¢) < d;(¢), and (5.13)) follows. O

Proof of Theorem[5.10. Since £!/R < M! has dense image, uniqueness is clear. By [BoJ22al,
Theorem 10.12], the strong topology of M! is defined by a certain quasi-metric IV, that further
satisfies IV (MA (), MA(¢))) =~ I(¢,v). Using the estimates of Lemma and arguing just as
in the proof of Theorem we infer the existence of an extension of d; to a pseudo-metric d;
on M! such that

dy (M? ”Umv) %Iv( Umv) ~ :u) (515)
di(p, 1) STV (1, 1) max{EY (), BY ()}~ (5.16)
I (g, 1) S dulp, o ) max{E" (u)), E¥ (1)}~ (5.17)

for all p,v € M! (recalling that MA(0) = 6, ). This shows that d; separates points, and
hence is a metric on M, which further shares the same convergent and Cauchy sequences as
IV. It thus defines the strong topology of M, and (M!,d;) is complete, because (M, 1Y) is
complete by [BoJ22al, Theorem 10.14]. O

Combining the above estimates with a key estimate for Monge-Ampere integrals from [BoJ22a],
we get the following Holder continuity property:
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Theorem 5.12. There exist a1, oz, a3 € Ry, only depending on n, such that ), a; =1 and

‘/ lo— /| (u— 1) S dule, @)™ dap, ' )** M (5.18)

for all o, ' € EY and p, 1’ € M, where M := max{I(p),1(¢"),EV(u), EV(1/)}. Further, there
exists a € (0,1) only depending on n such that

lp = @'l S dile, @) max{I(e), 1(¢"), EY (u)} . (5.19)
Proof. By [BoJ22al, Theorem 10.3], we have

11,
‘/(so - )(u— u’)‘ ST, @)Y (o )2 M2

Injecting (5.13) and (5.17)) yields
’/(s@ — ) — )

with a1, as, a3 as above. Next, write

S dilp, @) du(p, )22 MO (5.20)

o —¢'I=2(1—¢) + (¢ — )
with 7 := ¢ V ¢ € £'. On the one hand, we have I(7) < M. On the other hand, Theorem
and (.9) yield
di(r,¢") m Li(,¢") < Li(e,¢) = di(p, ¢).

Applying (5.20) to 7, ¢’ and ¢, ¢ now yields ((5.18)). Assume now u' = MA(p). Then EV (i) ~
I(¢), and hence

'/ lo — '] (1 — MA(9))| < dilp,¢")* max{I(p),1(¢'), EY (1) }' .

By Theorem we have on the other hand [ |o — ¢'|MA(p) < di(y,¢’), and summing up
these estimates yields ((5.19)). O

6. DIVISORIAL AND MAXIMAL NORMS

The restriction of the pseudometric d; to the subspace ./\/']llgOm C Nr of homogeneous norms
is still not a metric unless dim X = 0, see Example Here we study further subspaces on
which d; does induce a metric.

One such subspace consists of divisorial norms, defined by finitely many divisorial valua-
tions. These play an important role in the notion of divisorial stability introduced and studied
in [BoJ22c]. We then show that, at least in characteristic zero, there is a canonical maximal
subspace of Nﬂlgom on which dj is a metric. In particular, we prove Theorem D.

6.1. General infimum norms. The following construction generalizes the one in

Definition 6.1. For any non-pluripolar set 3 C X2, and any bounded function p: ¥ — R,
let INs:(¢p) € NE°™ denote the homogeneous norm defined for s € Ry, by

INs()(s) = inf {o(s) + mio(v)}: (6.1)
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Note that exp(—INx(p)(s)) coincides with the more usual supnorm sups, |s|e”"¥. The
filtration corresponding to INy(¢) is given by

F)‘Rm:{seRm\v(s)—&—m(p(v)z)\forallveﬁ}, AeR.

The condition that ¥ is non-pluripolar, which is equivalent to T(X) < oo (see (4.1)) and holds
as soon as ¥ N XM #£ (), guarantees that INx(y) is indeed a (linearly bounded) norm. More
precisely:

Lemma 6.2. For any subset ¥ C X*" and any bounded function p: ¥ — R, (6.1) defines
a (linearly bounded) norm iff the closure ¥ C X?" is non-pluripolar. Further, we then have

T(2) = Amax(INg(0)).
Proof. Since ¢ is bounded, it is clear that INs(¢) is a norm iff

T'(X) := sup {ml ingv(s) | s € Ry, \ {0} with m sufficiently divisible}
ve

is finite. By continuity of v +— wv(s) for any section s, we have T'(X) = T'(X), and we may
thus further assume that ¥ is closed. It will then be enough to show that T(X) = T'(X)
(the case of a single point being [BoJ22a, Lemma 4.46]). Note that T'(X) = sup,,(—supy ¢)
where ¢ runs over L-psh functions of the form ¢ = m~!log|s| with s € R,, \ {0}. Since
sup xan ¢ = @(vgiy) = 0, we infer T(X) > T/(X2). Conversely, pick ¢ € PSH. If ¢ € Hg, then
writing ¢ as in yields sup yan ¢ < supy; o+T/(2). In the general case, write ¢ as the limit
of a decreasing net in (;) in Hg. Since sup yan ©; = @;(Viriv) converges to sup yan ¢ = ©(Viriv),
it suffices to show supy ; — sups; . Since X*", and hence ¥, are compact, we can find
v; € ¥ such that p;(v;) = supy; p;, for each i. After passing to a subnet, we may further
assume v; — v € X. If ¢ < j then ¢;(v;) > ¢;(vj) = supy ¢;, and letting j — oo yields
@i(v) > lim; supy, ¢;. Since lim; p;(v) = @(v), we infer supys, ¢ > ¢(v) > lim; supy; ;, and the
result follows. g

Remark 6.3. Ezcept in the trivial case dim X = 0, we can always find a pluripolar subset
Y C X such that ¥ is non-pluripolar. Indeed, the trivial valuation vyiy, which is non-
pluripolar, lies in the closure of X (k) C X*". By [Poil3|, vuiv thus lies in the closure of a
countable subset ¥ C X (k), which is necessarily pluripolar (see [BoJ22al, Lemma 4.37]).

For a fixed non-pluripolar subset ¥ C X?", we write
NE C Ng™
for the set of norms INx(y), with ¢ ranging over bounded functions on X.

Example 6.4. If : X*™ — R is bounded, then INxan(p) = IN(p), and Theorem [2.16 thus
yields Ngt™" = Njom,

A simple check shows that
INs(p A ¢') = INg(p) AINs(¢'), INg(p+c) =INs(p) +e, INgs(t-¢) =tINs(p)
and

doo (IN5: (), INx(¢')) < sup o — | (6.2)

for all bounded functions ¢,¢’: ¥ — R, ¢ € R and t € R5q. Thus AN is invariant under the
translation action of R and under minima, and it is invariant under the scaling action of R+
whenever X is.
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Proposition 6.5. Pick a non-pluripolar subset ¥ C X?**. Then:

(i) each x € Ni satisfies x = INx(p) with ¢ := FS(X)|x, and ¢ is the smallest bounded
function on X with this property;
(il) if ¥ C X' C X then N C N
(iii) of X is further dense in X', then INxn(¢) = INw/(p) for each bounded, usc function
p: Y = R.
Proof. Pick a bounded function ¢: ¥ — R such that x = INy(¢)). For any v € ¥ and
any s € R, \ {0} we have x(s) < m~'v(s) + ¢¥(v). On the one hand, this implies p(v) =
supg{x(s) —m~tv(s)} < 9(v) for any v € X, and hence INx(¢) < x. On the other hand, for
any s € Ry, \ {0} and any v € 3, we have m™1v(s) + ¢(v) > x(s), so INx(¢) > x. This proves
(i).

To see (ii), pick x € NF, i.e. x = INg(p) with ¢: ¥ — R bounded. Pick C' > 0 such that
x(s) < mC for s € Ry, \ {0}. We claim that y coincides with x/ := INg(¢') € NZ, where
¢+ ¥ — R is the extension of ¢ such that ¢’ = C on X'\ X. To see this, pick s € R;;, \ {0}
For each v' € ¥\ ¥ we have

() 4+ mp(ef) 2 mC > x(s) = inf {u(s) + mp()},

which yields, as desired, x/(s) = inf,exv{v(s) + mp(v)} = inf,en{v(s) + mp(v)} = x(s).

Finally, the inequality INx;(¢) > INyv(¢) in (iii) is trivial. Conversely, pick any s € R, \{0}.
Then m~'v(s) + p(v) > INs(p)(s) for all v € ¥, and this inequality extends to ¥’ as v
m~tv(s) + p(v) is usc on ¥’ and X C ¥/ is dense. Thus INx(¢)(s) < INsv()(s), which proves
(ii). O
Corollary 6.6. Suppose ¥ C X*" is non-pluripolar. If (xi) is a decreasing net in J\/ﬂ% con-
verging pointwise to x € NE™ (see Remark @), then x € Ng .

Proof. Set ¢; := FS(x;). Then ¢; is a decreasing net of functions on X*"* bounded below by
¢ :=FS(x). For any i, Proposition (i) and Example imply

Xi = INx(¢;) > INs(p) > IN(p) = x.
Taking the infimum over i yields x = INx(¢) € N3 O
Next we generalize the homogenization operator.

Definition 6.7. For any non-pluripolar subset ¥ C X?", we define a projection operator
Ps: Ng — NE by setting Ps(x) := INs(FS(x)) for x € Nk.

The map Py is indeed a projection, by Proposition (i); it is further 1-Lipschitz with
respect to the doo-pseudometric, by and .

The map Pyan: Ng — ./\/'H‘{f(an = NR°™ coincides with homogenization (see Theorem .
Further ¥ C ¥/ = Py/(x) < Px(x). In particular, y < x"™ < Px(x), and Px(x) can be
characterized as the smallest norm in NV such that x < Py(x). A direct check further yields:

Lemma 6.8. Let (X;) be an increasing net of non-pluripolar subsets of X*", and set ¥ :=
Ui Yi. Then Py, decreases pointwise to Py, on Nr.

For later use, we also note:

Lemma 6.9. For any non-pluripolar subset ¥ C X®® and x € Nr, we have FS(Px(x)) = FS(x)
on .
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Proof. Set ¢ := FS(x). Since x < Px(x), we have ¢ < FS(Px(x)). Conversely, pick v € X. For
any s € Ry, \ {0}, we then have Px(x)(s) = INn(¢) < v(s) + me(v), and hence FS(Px(v)) =
sup, L (Px(x)(s) — v(s)) < ¢(v), which proves the result. O

6.2. Divisorial norms and PL functions. In the next two subsections we consider two
important cases of the construction above.

Definition 6.10. We define the set N3V C NE°™ of divisorial norms as the (increasing)
UnLon of/\/[% over all finite subsets ¥ C XU, The set of rational divisorial norms is

N(Siv = ./\/’H%iv ﬂN@.

That the union is increasing follows from Proposition (ii). Also note that NV (resp.
N&i") is invariant under finite minima, under the scaling action by Qs¢ and under the trans-
lation action by R (resp. Q).

Concretely, a norm Y is divisorial iff it can be written as

X = max{xy, + ¢} (6.3)

for a finite set of divisorial valuations (v;) and ¢; € R, and x is rational iff the ¢; can be chosen
in Q. Indeed:

Lemma 6.11. For any finite subset ¥ C XU, a norm x lies in /\/’6 iff it can be written
X = INs(¢) for some function ¢: ¥ — Q.

Proof. The ‘if’ part is clear. Conversely, assume y € N{V, and write Y = INg(¢) for some

function ¢: ¥ — R on a finite subset ¥ C X4V, Let ¥’ := {v € ¥ | p(v) € Q} and let
¢+ ¥ — Q be any function such that ¢’ > ¢ with equality on ¥'. Then x' := INy(¢')
equals y. Indeed, X’ > x, and if s € Ry, \ {0}, then x(s) = min,ex(mp(v) — v(s)). As
x(s) € Q and v(s) € Q for every v € X, the minimum cannot be attained on X'\ X, so
X(s) = minyes {me(v) — v(s)} = x'(s). O

Recall from [BoJ22a] that the space PL(X) C C°(X) of piecewise linear functions p: X" —
R is defined as the Q-vector space spanned by Hq. It is independent of the choice of L, stable
under max and min, and is dense in CY(X) with respect to uniform convergence.

As we next show, rational divisorial norms arise precisely as infimum norms of PL functions:

Theorem 6.12. A norm x € Ny lies in ./\/'(5iV iff x = IN(p) with ¢ € PL(X).

Corollary 6.13. Any rational homogeneous norm of finite type is divisorial, i.e. 780]“‘ C N&iv.
In particular, the homogenization of any test configuration x € Tz is a rational divisorial norm.

In contrast, 7%10“1 is generally not contained in Nﬂgi", see Example We refer to Appen-
dix A (and especially Theorem [A.10) for a more detailed discussion of the relation between
test configurations and rational divisorial norms.

Corollary 6.14. The envelope property holds for (X, L) iff Ng&v c Ngont.
See for the space NE°™ of continuous norms.

Example 6.15. If X is a nodal curve, then the envelope property fails, and x, € /\/ﬂgi" 18
indeed not a continuous norm if v is a divisorial valuation with center at the mode.
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Proof of Theorem[6.13. Assume first x = IN(¢) with ¢ € PL(X). By [BoJ22a, Lemma 4.26],
there exists a finite subset ¥ C X4V such that sup yan (¥)—¢) = maxy(1)—¢) for all t» € PSH(L).
In particular, for any s € R, \ {0} we have

g}lp(m’l log |s| — ) = max(m ™" log s| - ¢),

ie. x(s) = infyexan{v(s) + mp(v)} = minyex{v(s) + mp(v)}. This proves IN(p) = INx(p),
which lies in N'(gi" since PL functions take rational values on X4V,

Conversely, assume y € N(Si", ie. y € NQ% for a finite subset ¥ C X4V, By [BoJ22al,
Lemma 2.12], ¥ is contained in the set ¥, of Rees valuations of some flag ideal a of X; we may
thus assume X = 3, see Proposition (ii). By Lemma we can write y = INy(¢) for
some function ¢: ¥ — Q. By [BoJ22al, Lemma 2.28], there exists p € PLT(X) and r > 1 such
that ¢ 1= r¢, — p € PL(X) satisfies ¢ = ¢ on 3, while [BoJ22al, Lemma 2.12] shows that

sup(¢) — ) = max(y — @)

Xan ¥
for all » € PL*(X), and hence also for all 1y € PSH(L) (as v can then be written as a
decreasing limit of functions in Hg C PLT(X)). As above, this implies IN(p) = x, which
concludes the proof. O

Proof of Corollary[6-73. Any norm x € T3°™ satisfies x = IN(p) with ¢ := FS(x) € Hg C
PL(X) (see Theorem and Proposition . By Theorem we thus have 7610”“ C N&iv.
U

The last point follows from Lemma [2.11

Proof of Corollary[6.1j. By Theorem NV is contained in NSO iff IN(¢p) is continuous
for any ¢ € PL(X), i.e. FS(IN(p)) € CY(X) (see Theorem . Since ¢ is continuous, we
have FS(IN(¢)) = Q(¢) = P(p) (see Proposition . Thus NV C N holds iff P(y) is
continuous for each ¢ € PL(X). By density of PL(X) in C°(X) and the Lipschitz property of
P wrt the supnorm, this is also equivalent to the continuity of P(¢) for each ¢ € C%(X), which
holds in turn iff (X, L) has the envelope property (see [BoJ22a, Lemma 5.17]). O

6.3. Maximal norms and the regularized Fubini—Study operator. Specializing now the
definitions of to ¥ := X4V, we introduce:

Definition 6.16. We say that a norm x € N is maximal if it lies in Ng** := /\/’H‘é(div.
Explicitly, a norm is maximal iff it can be written as

= inf +c
X veXdi"{Xv v}

for a bounded set of constants (c),cxaiv. The (slightly abusive) terminology will be justified
by Corollary below. By Proposition (ii), we have
Nﬂgiv C Nﬂrglax c Nﬂgom
both inclusions being strict (except in the trivial case dim X = 0), cf. Example below.
For each y € N we set
XM = P yaiv (X) = INyaiv (FS(x)).

Then y < x"™ < x™2* and x™2* is the smallest norm in NE*®* such that x < x™.

Before going further, recall from that the Fubini-Study operator associates to any
norm x € Ng with canonical approximants y, € Tg a bounded, lsc function FS(y): X*" — R,
such that FS(x) = sup,;FS(xq) with FS(x4) € Hr. We denote by FS*(x) := FS(x)* its
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usc regularization, which is thus a bounded usc function on X2". The next result will be
instrumental for what follows:

Lemma 6.17. For any norm x € Ng, the following holds:
(i) FS*(x) = FS(x) on X4,
(ii) if (X, L) has the weak envelope property, then FS*(x) = FS(x) on Xin and E(FS*(x)) =
E(FS(x));
(iif) if FS*(x) is L-psh (e.g., if (X, L) has the envelope property), then FS*(x) lies in E2° C
EL, and FS(xq) — FS*(x) strongly in EL.

We refer to for the (weak) envelope property and the space ETOO of psh functions ap-
proximable from below. Recall that the weak envelope property holds as soon as char k = 0,
and that the envelope property then holds if X is further smooth.

Proof. Since FS(x) = sup;FS(xq) with FS(xq) L-psh, (i) and (ii) respectively follow from
Lemmas and (see §4.4). If (X, L) has the envelope property, then FS*(x) is L-psh, and
the rest of (iii) follows from Lemma O

Proposition 6.18. For any x € Nr, we have

(i) x™* = IN(FS*(x)):
(i) x s mazimal iff x = IN(p) for some bounded usc function ¢ on X" ;

Corollary 6.19. The space N§*** is invariant under the scaling action by R, the translation
action by R, under finite minima, and under decreasing limits. Further, any x € Ng*** can be
written as the pointwise limit of a decreasing net in J\/ﬂgi".

Corollary 6.20. Each continuous norm x € N§°™ satisfies oM = M I particular, every
, ‘ . . t,h
continuous homogeneous norm is maximal, i.e. /\fféon O C N,

The first equality fails in general when x is not continuous (see Example [6.23]), and the last
inclusion is strict in general (see Corollary below).

Corollary 6.21. If (X, L) has the weak envelope property, then N = ./\/'Ié(lin ; in particular,
Yo s then mazimal for any v € X",

Proof of Proposition[6.18 Lemma (i) implies that x™** = Pyai(FSx)) coincides with
IN yaiv (FS*()), which is also equal to IN(FS*(y)), since FS*(x) is usc on X? and X4V is
dense (see Proposition (iii)). This proves (i).

To see (ii), assume y is maximal. By (i), we then have y = x™® = IN(FS*(x)) where
FS*(x) is bounded and usc. Conversely, assume y = IN(¢) with ¢ bounded and usc on X?".
By density of X4V Proposition (iii) yields x = INyaiv(¢), and hence x € Ng®*. This
proves (ii). O
Proof of Corollary[6.19. For any non-pluripolar ¥ C X?", the space N3 is invariant under the
translation action by R, under finite minima, and under decreasing limits, see Corollary
By Proposition (ii) and , Ng@* is further invariant under the scaling action of R

div ;

(even though X%V is only invariant under the scaling action of Q). The final assertion is an
immediate consequence of Corollary [6.6] and Lemma O

Proof of Corollary[6:20. If x € N§°™ then FS(x) is continuous (see Theorem [2.19)), and hence
xPom = IN(FS(x)) = x™**, by Theorem and Proposition (1). O
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Proof of Corollary|6.21. Lemma (ii) implies that P yin(x) = INxua (FS(x)) coincides with
IN x1n (FS*(x)). By Proposition 6.5/ (iii), this is also equal to IN(FS*(x)), which is in turn equal

to X2, by Proposition (1). Thus Pxia(x) = x™**, and hence x € ./\/Ié(hn S xeNge. O
We can now state the main result of this section:

Theorem 6.22. For all norms x, X" € Nr, we have x ~ x' = x™ = /™ If (X, L) has
the weak envelope property (e.g., if chark = 0), the converse implication holds.

Example 6.23. For any subvariety Z & X, the norm x = xz € Né‘om of Example
is not mazimal. Indeed, x is asymptotically equivalent to the mazimal norm xiiv + 1 (see

Example , and hence X™** = xuiv + 1 # X.

Corollary 6.24. The restriction of di to N§*®* a metric. If (X, L) has the weak envelope
property, then NR** is further mazimal for this property.

Corollary 6.25. Assume (X, L) has the weak envelope property, and pick any norm x € Ng.
Then x is mazximal iff it is the largest norm in its asymptotic equivalence class.

Corollary 6.26. If x,x' € N§°™ are continuous, then x ~ x <= do(X, Xx’) = 0.
As a first step towards Theorem [6.22] we show:

Lemma 6.27. For all x, X' € N, the following are equivalent:
(1) Xmax — X/max). -
(i) FS(x) = FS(x') on X,
(iii) FS*(x) = FS*(x/) on X?".
Proof. Since x™® = P yaiv(x), Lemma6.9| yields FS(x™#*) = FS(x) on X4V and similarly for
X'. This implies (i)=-(ii), while Lemma (1) yields (ii)<(iii). Finally, (iii)=-(i) follows from

Proposition (i). O

Lemma 6.28. For all x,x' € Nr, we have
X~ X = licrlndl(FS(Xd),FS(Xil)) =0 = FS(x) = FS(x') on X',

Proof. By construction of the di-metric on Hg, FS: (Tr,d1) — (Hgr,d1) is an isometry, and
hence di(xq,xy) = di(FS(xa),FS(x);)) for all d sufficiently divisible. By Theorem we
have, on the other hand, di(xq4, x%;) — di(x,x’). This implies the first equivalence. For any
v € X" the measure 6, lies in M!. By , we thus have

d1(FS(xa), FS(xa)) = 0 == FS(xa)(v) — FS(xa)(v) = 0,

which yields the right-hand implication, since FS(xq) — FS(x) and FS(x/,) — FS(x’) pointwise
on X" U

Proof of Theorem[6.22. If x ~ X/, then FS(x) = FS(x’) on X!® > X4V by Lemma and
hence Y™ = /M3 hy Lemma Now assume the weak envelope property. To prove
the converse implication, it suffices to show y ~ x™* for any y € Ng. Since xy < X, this
amounts to vol(y) = vol(x™) (see Lemma [3.11). By Theorem we have vol(x) = E(y)
with ¢ := FS(x). On the other hand, we have x™** = IN(¢*) (see Proposition (1)),
and hence vol(x™**) = E((¢*),), by Corollary Since ¢ is Isc, we have ¢ < (p*)x < ¢¥,
so by monotonicity of the energy, it suffices to prove that I:D(go) = E(go*), which follows from
Lemma O
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Proof of Corollary[6.24. That d; restricts to a metric on NF** is a direct consequence of
Theorem If d; is also a metric on a subset N/ C N that contains Ng'®*, then any
x € N satisfies d;(x, x™*) = 0, by Theorem and hence x = x™* € N®*. Thus
N/ — Nﬁlax. |:|

Proof of Corollary[6.25. Assume x is maximal, and pick x’ € Ng with x ~ x’. Then x’' <
X/ AKX = A MAX —  hy Theorem which proves that x is the largest norm in its equivalence
class. Conversely, this last property implies x™#* < y, since x ~ x™** by Theorem and
hence x = x™®, i.e. x € Ng**. O

Proof of Corollary[6.26. By Theorem FS(x) and FS(x’) are continuous, and are equal iff
deo(x, X’) = 0. By Lemma we thus have x ~ x' = dw(x, X’) = 0, while the converse
trivially holds. O

Assuming now the envelope property (e.g. X is smooth and char k = 0), we finally state:

Theorem 6.29. If (X, L) has the envelope property, then the regularized Fubini—Study oper-
ator defines a surjective isometry FS*: (Ng,dy) — (Sfo,dl), which restricts to an isometric

isomorphism FS*: (NF#* dy) = (£2°,d1) with inverse IN: (£2°,d1) S (VX dy).

Proof. Since (X, L) has the envelope property, FS*(x) lies in £° for each x € Ng (see
Lemma (iii)). Since FS: (Tr,d1) — (Hr,d1) is an isometry, the canonical approximants
Xd> X € Tr satisfy di(xq, x}) = di(FS(xa), FS(x;)) for all d sufficiently divisible. Now, Theo-
rem implies on the one hand di (x4, x};) = di(x,x’). On the other hand, Lemma [6.17 (iii)
implies d1(FS(xa), FS(x})) — di(FS*(x), FS*(X')), since d; defines the strong topology of £
(see Theorem . This proves that FS*: (Mg, d1) — (£2°,d1) is an isometry, whose restric-
tion to N is necessarily injective, by Theorem Conversely, pick ¢ € 5?0. Then

IN(p) € Ng*** (see Proposition (ii)). By Proposition and Lemma (i), we further
have FS*(IN(p)) = Q*(¢) = ¢. This shows that FS*: (M d;) = (£2°,d1) is an isometric
isomorphism, and the rest follows.

0

Corollary 6.30. Assume (X, L) has the envelope property. Then
N C N <= £° = CPSH <= dim X < 1.

Proof. The first equivalence follows from Theorem and Theorem [6.29] and the second one
from [BoJ22a, Example 13.25)). O

7. THE MONGE-AMPERE MEASURE OF A NORM

Any ample test configuration for (X, L) defines a measure on X?" with finite support in
X4V This defines a Monge-Ampere operator MA: Tz — M. Here we extend this operator
to a map Mg — M! whose fibers consist of asymptotic equivalence classes modulo translation,
thus completing the proof of Theorem B. The construction, which works even when in the ab-
sence of the envelope property, restricts to a homeomorphism between divisorial norms modulo
translations and probability measures with finite support in X4V, thus proving Theorem C.
We also extend Dervan’s minimum norm functional from 77 to Ng.
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7.1. Monge—Ampeére measures of R-test configurations. We define the Monge-Ampére
measure MA(x) € M! of an R-test configuration Y € Tg as the Monge-Ampere measure of
the associated Fubini-Study function FS(x) € Hg (see Proposition [2.15)), i.e.

MA(x) := MA(FS(x))-

The invariance/equivariance properties of the operators MA: Hg — M! and FS: T — Hg
imply that if ¥ € Tg, ¢ € R and t € Ry, then

MA(x 4+ ¢) =MA(x) and MA(tx) = t. MA(x).

When x € 7z, the Monge-Ampere measure can be computed geometrically as follows. By
the Rees correspondence , X is associated to an ample test configuration. Let (X, L) be
its integral closure, with central fiber Xy = ). b;F;. By Lemma ¢ = FS(x) € Ho
satisfies (A.F)), so by [BoJ22al, Proposition 7.19 (ii)] we have

MA(X) = sz(£’%2>5vm (7'1)

where v; € X4V is the divisorial valuation associated to E;.
For general x € Tg, the support of MA(x) is a finite subset of X', see Lemma

Lemma 7.1. The Monge-Ampére operator above defines an isometry
MA: (Te/R,d;) — (M',dy) (7.2)
with dense tmage.

Proof. By (5.11)), the Fubini-Study operator defines an isometric surjection FS: (Tr/R,d;) —
(Hr/R,d;). Now Hgr/R is a dense subspace of (£1/R,d,;), and by definition, the metric d;
on M* has the property that MA: (£!'/R,d;) — (M',d1) is an injective isometry with dense
image, see Theorem It therefore follows that is an isometry with dense image. [J

7.2. Monge—Ampeére measures of general norms. We now define the Monge—Ampere
operator on general norms.

Theorem 7.2. The Monge—-Ampére operator above extends uniquely to an isometry
MA: (Ve/R,d;) = (M',dy), (7.3)
with dense image.

As (M!,dy) is complete, the Monge-Ampere operator thus realizes (M?, d;) as the HausdorfF
completion of the pseudo-metric spaces (Tg/R,d;) and (Ng/R,d;).

Proof. By Theorem Tr is dense in (Ng,d;). As a consequence, Tr/R sits as a dense
subspace of (Mg/R,d,;), and we conclude using Lemma [7.1] O

Combining Theorem [7.2] with Lemma [3.15] we get:

Corollary 7.3. The induced map MA: (Ng,d1) — (M, dy) is 1-Lipschitz, and its nonempty
fibers comsist precisely of asymptotic equivalence classes of norms modulo translation.

The induced map MA: Nz — M! satisfies the following properties, the first of which gives
a more concrete description.

Proposition 7.4. For any norm x € Ng we have:

(i) the canonical approzimants (xq) satisfy limg MA (xq) = MA(x) strongly in M1;
(ii) for c € R and t € Ry, we have MA(x + ¢) = MA(x) and MA(tx) = t,. MA(x);
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(iii) MA(x) = MA(x"™), where xP°™ is the homogenization of x;
(iv) If (X, L) has the weak envelope property, then MA(x) = MA(x™*).
(v) if FS*(x) is L-psh, then MA(x) = MA(FS*(x)).

Recall that (v) applies if (X, L) has the envelope property, or for any continuous norm
x € N,

Proof. Theorem shows that xq € Tr satisfy limgdi(xq4, x) = 0, which implies (i). The

equalities in (ii) follow, since (x+c¢)q = xa+cand (tx)q = tx4, whereas (iii) and (iv) follow since
o™~y and Y™ ~ y, respectively, see Corollary and Theorem If FS*(x) is L-psh,
then FS(xq) — FS*(x) strongly in £! (see Lemma [6.17)), and hence MA (x4) = MA(FS(xq)) —
MA(FS*(x)) in M!. This proves (v), in view of (i). O

Recall the space N = j\/ﬂé(dw from By Corollary the pseudometric d; restricts
to a metric on Ng®*. Lemma thus implies that d; restricts to a metric on Ng***/R.

Corollary 7.5. The Monge-Ampére operator MA : Ng — M induces an isometric embedding
MA: (VF*/R,dy) < (M d)) (7.4)
with dense image. If (X, L) has the weak envelope property, then the image equals MA(NR).
Recall that the weak envelope property holds when char k = 0 or dim X < 2.

Proof. Everything except for the last statement is clear by what precedes, and that statement
is an immediate consequence of Theorem [6.22 O

Remark 7.6. Even if X is smooth and char k = 0, MA(NR) is a strict subspace of M*, which
s not so easy to describe.

For later use, we also show the following version of Theorem

Lemma 7.7. For all x, X' € Ng we have

a6 ¥) ~ / IFS(x) — FSOO)| (MA(xX) + MA(Y)) -

Proof. Set ¢q :=FS(xa), ¢}, :=FS(x}) and

pta = MA(pq) = MA(xq), g := MA(pl) = MA(X)),

with (xq), (X)) the canonical approximants of x,x’. Since FS: (Tg,d1) — (Hgr,d1) is an
isometry, Theorem [5.7] yields

di(xda, xy) = di(a, ©lp) = /Qd (e + 12)-

with gq := @4 — ¢)|. Since (¢q), (¢);) are uniformly bounded and pg — p = MA(x), pu,; —

i == MA(Y') strongly in M! (see Proposition [7.4 (1)), vields [ ga (pa+ 1) = [ ga (p+
1) 4+ o(1). Since (gq) is uniformly bounded and converges pointwise to g := |FS(x) — FS(x/)],
dominated convergence applied to the cofinal sequence (gp1)m further yields [ gpu(p+ p') —
[ g(p+ ). Combining this with Theorem we conclude

10X =l da (s Xo) T [ g 15 4) = [ g 1),

which proves the result. U



A NON-ARCHIMEDEAN APPROACH TO K-STABILITY I 57

7.3. Variational principle. As we next show, the Monge-Ampere equation MA(x) = p with
X € Ng and p € M! admits a variational characterization, that will be deduced from its
counterpart for L-psh functions.

Proposition 7.8. For any i € M', we have

Ewm:sw(fmm—/ﬁwmu)

XENR

Further, the supremum is achieved by x € Ng iff MA(x) = p.

Proof. We have EV(u) = SUPyetlg (E(¢) — [¢n), and any ¢ € Hg can be written as ¢ =
FS(x) with x := IN(¢) € Ng. Since E(¢) = vol(x), this yields

B () < sup (vol() ~ [ FS(0 1)

XENR

For the reverse inequality, pick any x € Nk, and consider the increasing net (¢4) in Hg defined
by ¢q := FS(xa), with (x4) the canonical approximants of x. Then E(pq) — [ pqp < E ().
By Theorem and Theorem E(pq) = vol(xq) — vol(x), while fgodu — fFS X) 14, by
monotone convergence (applied to the cofinal sequence pg). Thus vol(x) — [ FS(x) u < EY (),
and equality holds iff E(pq) — [ pap — EY(u), i.e. (pq) is a maximizing net for u. By [BoJ22a,
Corollary 10.13], the latter is also equivalent to MA(pg4) — u strongly in M!, and hence to
MA(x) = u, since MA(pg) = MA(xq) — MA(x) strongly in M*, by Corollary O

Remark 7.9. With a little bit of extra effort, one can show as in [BoJ22a, Corollary 10.13]
that a net (x;) in Ng computes the supremum, that is lim; (Vol xi) — J FS(xi) p ) EY(u), iff
MA (x;) — p strongly in M?.

7.4. Divisorial norms and divisorial measures. The image MA (AR) of the Monge-Ampere
operator is a strict subset of M! and not so easy to describe, but we now exhibit an important
class of measures contained in the image.

Given any compact subset ¥ C X?", denote by M?> the set of Radon probability measures
@ on X2 with support in X.

Example 7.10. When ¥ C X is finite, each u € M> is of the form p = > ves Mudy, where
my, = p({v}), and it is easy to see that u — m = (m,) defines a homeomorphism of M*>
(equipped with the weak topology) with the simplex {m € Rgo | >, My = 1}.

Recall that the strong topology of X' is defined by the metric dy (see (1.19)); the weak
topology refers to the subset topology from X2, For all v, w € X we have
doo(va) = Sup |90(U) - W(w)lv (75)
pePSH
which shows that du. is the smallest metric on X' ™ such that the restriction to X' of any
L-psh function is 1-Lipschitz. By (7.5)), the weak and strong topologies coincide on a given
subset ¥ C X' iff PSH |y is equicontinuous for the weak topology of ¥. This is in particular
the case when ¥ is strongly compact (as the identity map (X, strong) — (X, weak) is then a
homeomorphism, being continuous and bijective on a compact Hausdorff space).

Example 7.11. Every finite subset ¥ C X' is of course strongly compact. If X is smooth and
chark = 0, then the dual complex Ay of any snc test configurations X also forms a strongly
compact subset of X', cf. [BoJ22al, Theorem A.4].
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Lemma 7.12. For any strongly compact subset ¥ C X' we have M> C M, and the induced
weak and strong topologies on M> coincide.

Proof. Since ¥ is strongly compact, C' := sup,cy, T(v) is finite, and satisfies sup ¢ — ¢(v) < C
for each ¢ € PSH and v € 3. For each u € M*> we thus have

EY (1) = sup {E(y) —/«pu} < sup {Supw—/sou} <,
pe&l pell

and hence p € M'. Now pick a weakly convergent net p; — p in M*. Since PSH |y is
equicontinuous, we have [ ¢ p; — [ ¢ p uniformly for ¢ € PSH. Thus

EY(j15) = sup {E(p) - / o} — sup (B(p) - / o} =B ()
pe&l pe&l
and hence ji; — p strongly in M1, O

Theorem 7.13. For any strongly compact subset ¥ C X", the Monge-Ampére operator
mduces a surjective tsometry

A: (VE/R,dy) — (MZ,dy).
If ¥ c X4V, or if the weak envelope property holds (e.g., if chark = 0), then this map is an

isometric isomorphism.

Recall that N;Y denotes the set of norms of the form y = INy(yp) for a bounded function
p: X = R, see We emphasize that Theorem [7.13]is true for an arbitrary polarized variety,
whether or not the envelope property holds. The following important special case illustrates
this.

Example 7.14. For each v € X'"™ we have MA(x,) = &,. If the envelope property holds
for (X, L), then the function ¢, = FS(xy) belongs to CPSH, ¢,(v) = 0 and MA(py,) = 0.
However, in general the equation MA(p) = &, may not have any solution in E'. This is the
case, for example, when X is a nodal curve and v is a divisorial valuation with center at the

node (compare Example .

Another important special case is when ¥ C X%V is finite. Recall that the set Nﬂgi" of
divisorial norms is the union of N over all nonempty finite subset ¥ C X4V, We similarly
introduce:

Definition 7.15. The set MYV of divisorial measures on X?" is defined by
M=) M (7.6)
BCXdiv finite
The set MYV is used in [BoJ22d] to define the notion of divisorial stability.
Corollary 7.16. The Monge—Ampeére operator induces an isometric isomorphism
MA: (VEY/R,dy) 5 (MUY, dy).

Further, for any x € N3V, ¥ := supp MA(x) is the smallest finite subset of XUV such that
X € NE.

Example 7.17. If v € X", then ., is divisorial iff v is divisorial. Indeed, x, € ./\/’H%iv ==
MA(xy,) = 8, € MW —= ¢y € Xdiv,
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We now turn to the proof of Theorem For any x € Ng and ¢ € C(X), we set
xle] == IN(FS(x) + ¢) € Ne.

Thus x[0] = x"™ (see Theorem [2.16). The main ingredient in the proof is now the following
version of [BoJ22al, Theorem 8.5] (itself a consequence of [BGM20), Theorem Al]).

Lemma 7.18. For any x € Ng and ¢ € C°(X), we have
| vol(xltel) = /cp MA (x)-
t=0

Proof. For d suﬂiciently divisible, set 14 := FS(xq) € Hr. By Theorem and Corollary
we have vol(x) = E(FS(x)) = vol(x[0]), and

vol (xalp) = E(a + ¢) == E(FS(x) + ) = vol(x[¢]). (7.7)
Assume first ¢ € PL(X). By [BoJ22a, Theorem 8.5], we then have

B(u + tp) = E(i) +1 / o MA(g) + O(?)

as t — 0, where the implicit contant in O is uniform with respect to d (but does depend on
©). Now MA(1g) = MA(xq) — MA(x) strongly in M! (see Proposition (i)); combined
with (7.7]), this yields

vol (x[t¢]) = vol(x) + / o MA(x) + O(t),

which proves the result for ¢ € PL(X). Consider now an arbitrary ¢ € C%(X). Since PL(X)
is dense in C°(X) with respect to uniform convergence, we can find a sequence (;) in PL(X)
such that §; := supyan |p; — ¢| = 0. Then ¢; — 6; < ¢ < p; + d;, and hence

vol (x[tei]) — tdi < vol (x[ty]) < vol (x[tys]) + td;.
By the first part of the proof, this yields

i MA(x) — 6; < liminf t " (vol (x[tg]) — vol(x))

t—04
< timsupt™ (vol (xfte]) ~ vol(0) < [ i MAGY)
t—04
and letting i — oo yields, as desired, lim;_,ot~! (vol (x[t¢]) — vol(x)) = [ ¢ MA(x). O

Proof of Theorem[7.13 By Theorem MA: (Mg/R,d;) — (M dy) is an isometry. Let us
first show that it maps NF /R into M. Pick x € V. We need to show that [ ¢ MA(y) =0
for any ¢ € C° such that ¢|y; = 0. Now, for any ¢ € R, we have

x[te] = IN(FS(x) + tp) < INs(FS(x) + te) = INg(FS(x)) = x-

This implies vol(x[te]) < vol(x) for all ¢ € R, and hence [ ¢ MA(x) = 0, thanks to Lemma
We next show that MA: NH% — M?> is onto. Pick p € M¥, and choose a maximizing
sequence (p;) in Hpg for p, i.e. E(p;) — [ @i — EY(u), normalized by sup ¢; = 0. Since X is
strongly compact, the restriction of PSHg,, = {¢ € PSH | supp = 0} to X is equicontinuous
and bounded, since 0 < sup,cx(—¢(v)) < sup,ex T(v) < 0o for f € PSHg,p. By the Arzela—
Ascoli theorem, we may assume, after passing to a subsequence, that p;|y; converges uniformly
to some ¢ € CY(X). We claim that x := INg(p) € N satisfies MA(x) = p, which will
conclude the proof. By Proposition it suffices to show vol(x) — [ FS(x)u > EY ().
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Set x; = INs(p;). As ¢; — ¢ uniformly on X, (6.2) implies di(xi, x) — 0, and hence
vol(xi) — vol(x). Further, x; > IN(y;), and hence vol(y;) > vol(IN(¢;)) = E(p;) (see
Corollary [5.3)). By Proposition (i), we also have FS(x)|s < ¢. This yields, as desired,

vol(x) _/FS(X)M > vol(x) —/w

~ i (vol() = [ in) 2t (Be) — [ i) =B

Finally, if ¥ ¢ X9V, or if the weak envelope property holds, then ./\/% is contained in NF'*
(see Corollary , and the last point thus follows from Corollary O

7.5. Dervan’s minimum norm. In [Derl6], Dervan introduced the notion of the minimum
norm of a test configuration. Here we extend his notion to arbitrary norms.

Definition 7.19. We define the minimum norm | x|| of x € Nr by
X[l := E¥(MA(x)) € Ro.
By Corollary the minimum norm is a continuous function on (Ng,d;).

Proposition 7.20. For any x € Ngr, we have:

(i) if x € Tz is associated to an ample test configuration, then || x| coincides, up to nor-
malization, with the minimum norm defined in [Derl6];
the canonical approximants (xq) satisfy || x|| = limg || x4ll;

)
)
) 1Ixll & dy (X, xuiv) = [Ixl1; in particular, ||x|| = 0 iff X ~ Xuiv + ¢ for some ¢ € R;
v) if x € Tr, then ||x|| = E(¢) — [ ¢ MA(p) =1(¢) — J(¢) with ¢ := FS(x);
) if x € T, then |x|| € Q;

)

)

hom” .
;

Il = TIx
if (X, L) has the weak envelope property, then ||x| = ||x

Here ||x|l1 = d1(X, Xtriv + vol(x)) is the L'-norm of ¥, see Definition

Proof. If x € Tg, then MA(x) = MA(p) with ¢ := FS(x) € Hg, so (4.10) yields ||x| =
EY(u) = I(¢) — J(p), proving (v), and also (vi), since ¢ € Hg when x € Tg. If, further,
X € Tz is a test configuration, then [BHJI7, Remark 7.12] shows that I(¢) — J(¢) coincides
(up to normalization by V7,) with the minimum norm of x as defined in [Derl@, Definition 2.5].
Thus (i) holds. Now (ii), (iii), (vii) and (viii) are immediate consequence of the corresponding
properties in Proposition [7.4]

It remains to prove (iv). That ||x| =~ d;(X, Xtriv) follows from and Theorem

whereas || x|l1 = ||x|| follows from (iv) and [BHJI7, Theorem 7.9] when y € 7Tg, and hence in
general, by density. O

By dj-density of 7z in Ng (see Corollary , we infer:

Corollary 7.21. The minimum norm functional Ng — Rsq is the unique di-continuous
extension of Dervan’s minimum norm from Tz to Ng.
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7.6. Valuations of linear growth. In this final section, we specialize the above results to
prove:

Theorem 7.22. For all v,w € X™ with associated norms Xus Xw € Nr and measures 0y, 0y €
M, we have:

(i) doo(vvw) = doo(Xva Xw) ~ Ql(Xva Xw) = dl((sv»éw);
(ii) doo(v, Vtriv) = T(v) = Amax(Xv);
(iii) S(v) = vol(xv) = [xull = E¥(d0)-

Since d; < dj <dp, < do on N for 1 < p < oo, this implies:
Corollary 7.23. For any p € [1,00], the embeddings
(X' doe) = (MY dr), (X' deo) = (Nr,dyp)
respectively defined by v — &, and v — X, are bi-Lipschitz.

Note that this implies Corollary E in the introduction.

Proof of Theorem[7.23 By Theorem we have MA(xy) = 0y, MA(xw) = 0y, and hence
d1(dv,00) = di (Xv Xw) < doo(Xvs Xw) = doo (v, w),
by Theorem [7.2] and Corollary Next, note that
FS(xv)(w) = sup{m ™ (v(s) — w(s))}, (7.8)

where s runs over nonzero sections of mL with m sufficiently divisible. In particular, FS(x,) >

0, and FS(xy)(v) = 0. Comparing (7.8) with (1.19) yields
doo (v, w) = max{FS(x»)(w), FS(xw)(v)}. (7.9)
On the other hand, for each ¢ € R, Lemma [7.7] yields

A+ eoxn) = [ IFS00) + e = P80 By +0)
= |FS(xw)(w) + ¢ 4 |¢ = FS(xw) ()| = FS(xu)(w) + FS(xw)(v) > doo(v,w).
Thus
dy (v, xw) = I di(xo, X +¢) T doo(v, 0)-

This proves (i), and (ii) follows. Finally, MA(x,) = &, implies ||x.|| = EY(d,), by definition
of the minimum norm. Since FS(x,) vanishes at v, Proposition further yields EY(6,) =
vol(xy), which coincides with S(v) (see Example [3.5). This proves (iii). O

APPENDIX A. TEST CONFIGURATIONS, INTEGRAL CLOSURE, AND HOMOGENIZATION

In this appendix we revisit the correspondence between test configurations and integral
norms [WN12,[BHJ17], and provide a description of homogenization in terms of integral closure.
We also provide a geometric description of R-test configurations, following [HL20), Ino22].
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A.1. The norm associated to a test configuration. A test configuration (X, L) for (X, L)
consists of: a flat projective morphism 7: X — A'; a Q-line bundle £ on X; a G,-action on
(X, L) that makes 7 equivariant; and a Gp-equivariant isomorphism

(X, L)Gm = (X, L) X G- (A1)
We denote by z the coordinate on A! = Spec k[z] and G, = Spec k[2*].
Example A.1. The trivial test configuration (Xiiyv,Luiv) is defined by Xy = X x Al
Etriv = pTL

As originally pointed out in [WN12], to any test configuration (X, £) is associated an integral
norm . € Nz, defined on R, = HY(X, mL) for any m € N such that mL is a line bundle, as
follows. Consider the embedding H*(X, mL) < R, ® k[z*] induced by (A). This yields a
decomposition

HY(X,mL) = 2 *F Ry, (A.2)
AEZ
corresponding to the weight decomposition with respect to the Gy-action, where
F R, ={s € Ry | 27%s € H'(X,mL)} (A.3)

is a Z-filtration of R,,, and we define ¢ as the associated norm. It is clear that xz4.x, = xc+¢
for any ¢ € Q, and using flat base change, one easily checks:

Lemma A.2. If (X;,Lq) denotes the base change of (X, L) with respect to z v 2%, d > 1,
then xc, = dxc-

In order to further analyze the norm y, recall from [BoJ22al §1.4] that a test configuration
X is integrally closed if X is integrally closed in the generic fiber of 7; when X is normal, this
is equivalent to X being normal. If Xp is reduced, then X is integrally closed.

If X is integrally closed, the local ring of X’ at the generic point of any irreducible component
FE of &y is a DVR, which defines a divisorial valuation ordg on X'; we denote by

bE = Ol“dE(X(]) = OI‘dE(Z) (A4)

the multiplicity of Xy along E. By we have a function field extension k(X) — k(X), and
the restriction of by' ordg to k(X) is a divisorial valuation vy € X4V, with values in b;'Z.
Conversely, any divisorial valuation can be geometrically realized in this way.

Recall also from [BoJ22al §2.7] that any test configuration (X, L) for (X, L) determines a
PL function ¢, € PL(X), whose restriction to the dense subset X4V C X" is given as follows.
Pick v € X4V and choose an integrally closed test configuration X’ for X such that v = vg
is associated to an irreducible component E C X} and such that the canonical Gy-equivariant
birational maps pu: X' — X and p: X' — Xy are morphisms. Then p*L — p* Ly = D for a
Q-Cartier divisor D supported on X}, and

¢r(vp) = by ordg(D). (A.5)

Conversely, any PL function on X" can be realized in this way (see [BoJ22al, Theorem 2.31]).
Proposition A.3. Pick an integrally closed test configuration (X, L), set ¢ := @, and denote
by ¥ C XUV the (finite) set of valuations attached to the irreducible components of Xo. Then:

(i) xz = [INs(p)] = [IN(p)];
(i) x2™ = INs(p) = IN(p);
(iii) of Xy is reduced, then x o is homogeneous.
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Here INx(yp) is defined in
Lemma A.4. Under the above assumptions we have

XL = Xp*Ly $PL=PurL

for any morphism of test configurations p: X' — X.

Proof. By Zariski’s main theorem, we have 1, Oy = Oy (see [BoJ22a, Lemma 1.12]). Com-
bined with the projection formula, this shows H?(X,mL) = HO(X’, mu*L) for m sufficiently
divisible. The first point follows, while the second one holds by (A.5)). O

Proof of Proposition[A.3 Pick s € R,, with m sufficiently divisible and A\ € Z. Then 2 s
determines a rational section o of mL which is regular outside Ay, and hence is regular on X
iff ordg (o) > 0 for each irreducible component E of X' (see [BoJ22al, Lemma 1.23]). Now ({A.5])
implies

b;Jl ordg(o) = =X+ vg(s) + ¢(vg),

and we infer
e(s) = max {A € 2| A < minfui(s) + ¢(06)} | = [INs(0)(o)).

Next, pick v € X4V and choose an integrally closed test configuration X " that dominates X
via pr: X — X and such that v lies in the corresponding set ¥/ ¢ X9V, Lemma and the
first step of the proof yield

xc(s) = xurc(s) = [INsr () (s)] < v(s) + ¢(v).
By density of X4V and continuity of ¢, we infer

xc(s) < Ueigl(giv{v(S) +¢(v)} = IN(p)(s) < INs(p)(s).

Since xz = [INx(¢)], this proves (i), and (ii) follows, cf. Example[2.5 Finally, if Xj is reduced,
then each v € ¥ is integer valued on k(X )*. Since ¢(v) is rational (see (A.5)), we get

INs(¢)(s) = min{v(s) + mp(v)} € Z
for s € R,, with m sufficiently divisible, and (iii) now follows from (i) and (ii). O

Remark A.5. Proposition (ii) implies x\2°m € NF, and hence MA(xz) = MA(x°m) €
M?* (see Theorem . The coefficients of this measure admit an explicit description in

terms of positive intersection classes on the canonical compactification X — P!, see [Li2l]
Theorem 1.1].

Consider now an arbitrary test configuration (X, £), and denote by (X, £) its integral clo-

sure, i.e. X — X is the integral closure of X in the generic fiber of X — A!, and £ is the
pullback of L.

Theorem A.6. For any test configuration (X, L) for (X, L), we have
xhom — X%Om =1IN(pz) and x;= [xhom |,
In other words, integral closure is the round-down of homogenization.

Lemma A.7. We have xc < x7 < X}E’m.
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Proof. Pick s € R, ~ {0} with m sufficiently divisible. Since L is the pullback of £ to X,
xc(s) < xz(s) =: p follows directly from ([A.3). Since o := z7#s € HO(X,mL) is integral over
Oy, it satisfies o + Z?:l 00?1 =0 for some d > 1 and o; € HO(X,imL). By (A.2)), we have
a Laurent expansion o; = Y .7 0; )\z* with o; E HO(X,mL) such that xz(0; ) > A, and

tracing the coefficient of z =% yields sdJrZZ 1 0i wS ~t = (. Since Xhom(aiyw) > xc(0iin) = i,
we infer
d hom — hom / .d > : . o hom .
X2 (s) = x""(s%) = min fip+ (d —i)x™ (s) };
1<i<d
hence x2om(s) > p = Xz(s), and we are done. O

Proof of Theorem[A.6, Lemma E implies ybom = Xllom which is equal to IN(¢z) = IN(pr),

by Proposition (ii) and pullback invariance of ¢,. The final identity follows from Propo-
sition [A.3] O

As a consequence, we get the following geometric description of homogenization:

Corollary A.8. For any test configuration (X, L), x hom lies in NV, and is equal to d—* Xz,
for any sufficiently divisible d € Z>.

As above, (X, L4) denotes the base change of (X, £) with respect to z — 2%, and (X, Lq)
is its integral closure.

Proof. By [BaJ22al, Corollary 2.35], the central fiber of (X, L4) is reduced for d sufficiently
divisible. Then X%(;m = X}Z’m =Xz, by Theorem |A.6{and Proposition|A.3|(iii). By Lemmal|A.2

1., hom

we have, on the other hand, xrz, = dx, and hence Xhom = dxhom. Thus Xhom =d XX 2
d
which lies in N3V, by Proposition [A.3| (ii). O

Remark A.9. Corollary[A.§ can be used to provide a more elementary proof of Theorem [2.5
i the case of rational norms.

Finally, we relate (integrally closed) test configurations and (rational) divisorial norms, as
follows:

Theorem A.10. For any x € Nz, the following are equivalent:

(1) x = xc is associated to some integrally closed test configuration (X, L) for (X, L);
(ii) x = [x'| for some X' € N3V, which is then uniquely determined as X' = x"™.

Proof. That (i) implies (ii) follows from Proposition Conversely, pick X' € N3V, and set

X := |X'], so that ' = x"™ (see Example. By Theorem we have x' = IN(¢p) for some
¢ € PL(X), which can in turn be written ¢ = ¢, for some integrally closed test configuration
(X, L). By Proposition we then have x, = | x| = x, which shows (ii)=(i). O

A.2. The Rees correspondence. A test configuration (X, L) is ample if £ is ample. For d
sufficiently divisible, the graded k[z]-algebra R(X,dL) = @,y H* (X, mdL) is then generated
in degree 1, which shows that x = xz € Tz is of finite type. Note further that

R(Xy,dL) ~ gr, R (A.6)

for d sufficiently divisible. Thus (Xp, L£o) can be identified with the central fiber of x (see (|1.14)).
Denoting by 7 the set of ample test configurations, (X, L) — ¢, yields a map T — Tz. A
map in the reverse direction is indeed provided by the Rees construction. Given x € Tz, pick
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d >> 1 such that y is represented by an integral norm on R(@ = R(X,dL) generated in degree
1, with associated filtration (F)‘R(d))AGZ. The Rees algebra

R:=*FRY
AEZ

is a graded k[z]-algebra (with respect to the N-grading inherited from that of R(9)), generated
in degree 1, and we set X' := Proj;;) R and £ = d~1Ox(1). This yields a map Tz — T which
is an inverse of the previous one (see [BHJ17, Proposition 2.15]). We shall refer to the 1-1
map

T ~Tz (A.7)
so defined as the Rees correspondence.

By , the central fiber Ay of an ample test configuration (X', £) is reduced iff gr, . R(@)
is reduced for d sufficiently divisible, which holds iff y, is homogeneous (i.e. the converse
of Proposition (iii) holds for ample test configurations). The Rees correspondence thus
induces a bijection between 7}Zh°m and the set of ample test configurations with reduced central
fiber.

Denote by 7™ C T the set of ample integrally closed test configurations, and by 7?Zint CTz
its image under the Rees correspondence. Any test configuration with reduced central fiber is
integrally closed, and hence

7~Zhomc7—zintc7~z.

Theorem A.11. Homogenization induces a bijection TZint — 7801“, with inverse provided by
round-down.

Proof. Pick y € T Then yhom ¢ 780“1 (see Lemmam or Corollary|A.§)), and x = [ x"™|
(see Proposition . Conversely, pick x' € 7(610111. By Corollary [2.18] ' = x"™ for some
X € Tz, i.e. x = xr for some ample test configuration (X, L). After passing to the integral

closure (X, £) (which remains ample, since X — X is finite), we may further assume that (X, £
is integrally closed (see Theorem [A.6)), and hence x € T, Then x = |x’], by Proposition
again, and y/ = x"°™, which completes the proof. O

Finally, we note:
Lemma A.12. For any ample test configuration (X, L) for (X, L) we have
pr =FS(xe) = FS(™).

Proof. The second equality follows from Proposition Since %™ = IN(yp,) (see The-

orem [A.6) and ¢z € Hg, Proposition further yields FS(x%™) = Q(¢z) = ¢r, which
completes the proof. O

Combining Theorem with the bijection FS: 7('50“1 = Mg, we thus recover [BoJ22al,
Corollary 2.32]:

Corollary A.13. The map (X,L) — @r restricts to a bijection T 5 Ho.

A.3. The case of higher rank. Following [HL20| §2.2] and [Ino22l §2.2], we briefly discuss
a version of the Rees correspondence for R-test configurations.

Definition A.14. For any r € N, we define a rank r test configuration (X, L,§) for (X, L)
as the following data:
e a flat projective scheme morphism w: X — A';
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a Q-line bundle L on X;

a Gl -action on (X, L) that makes m equivariant (with respect to the standard action
on A");

a G}, -equivariant isomorphism (X, L)|gr. ~ (X, L) x Gf,;

a vector § € R, with Q-linearly independent components.

A usual test configuration as in is thus a rank 1 test configuration, up to the scaling
factor £ € Ryg.
Denote by z1,. .., z the coordinates on A" = Spec k[z1, ..., 2] and G}, = Spec k[zfc, o 2E)
The above data yields an embedding
HY(X,mL) <= Rp[zf,. .., 275

T

for m sufficiently divisible, and we define a norm x, ¢ € N by setting
xce(s) =max{({, o) |« €Z", 27 %s € HO(X,mE)}
for s € Ry, where 2 := [], z*". Note that xz¢ € Ny with A =3, Z& ~ 7.

Proposition A.15. For any rank r test configuration (X, L,&) with L relatively ample, the
associated norm X ¢ 1s of finite type; this norm is further of rank r, and its central fiber can be
identified with the fiber (Xo, Lo) of m over 0 € A", Conversely, any R-test configuration x € Tgr
arises in this way.

Proof. We sketch the argument, and refer to [Ino22l, Proposition 2.20] for details. Assume L is
relatively ample, and set x = xr¢. The restriction map R(X,dL) — R(Xo,dLo) is surjective
for d sufficiently divisible, and one checks that it induces an isomorphism gr, R@ ~ R(Xp,dLy)
as N x Z"-graded algebras. The rest easily follows.

Conversely, pick x € Tg, of rank r. As in Example one can find an embedding X — PV
such that O(1)|x = dL, an action of a torus 7'~ G”, on (PV,O(1)) and ¢ € Ng ~ R", such
that the induced norm on R(PY,O(1)) restricts to x. Acting on X defines a T-equivariant
morphism 7" — Hilb to the Hilbert scheme of PV. Pick a regular top-dimensional cone o C Ng
that contains £ in its interior, and denote by B ~ A" the corresponding toric affine variety.
After passing to a finer cone, one may assume, by toric resolution of singularities, that the
corresponding T-equivariant rational map B --» Hilb is a morphism, and pulling back the
universal family yields the desired polarized family (X, £). O

APPENDIX B. THE TORIC CASE

We give a brief account of how some of the main results in the paper specialize to the toric
setting [Ful93, BPSII]. See also Appendix B in [BoJ22a].

Consider an algebraic torus 7' ~ GJ!, with associated dual lattices M := Hom(T,Gy,)
and N := Hom(Gy,,T"). We have a canonical embedding M — k(7")* onto the set T-invariant
functions, and a dual canonical embedding Ng < TV onto the set of T'(k)-invariant valuations,
such that v(u) = (v,u) for all v € Ng and v € M — k(T)*.

A polarized toric variety (X, L) is determined by a rational polytope P C Mg, such that, for
each m sufficiently divisible, the set of weights of the T'(k)-module R,, = H°(X, mL) coincides
with mP N M, each with multiplicity 1. Denoting by P := R>o({1} x P) C R x Mp the
(rational polyhedral) cone over P, this yields, for d sufficiently divisible, a 1-1 correspondence
between:
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e the set of toric (i.e. T'(k)-invariant) norms y on R4 = R(X,dL) and superadditive
functions h: T¥ — R on the semigroup I'¥) := (dN x M) N P such that h(m,a) =
O(m);

e the subset of toric homogeneous norms x and concave, bounded functions g: P — R,

the corresponding superadditive function on I'¥) being h(m,a) = mg(m'a).

Such a function g is automatically lsc on P (see [GKR68]), but might be discontinuous at some
boundary points. Denote by ¢g¥: Ng — R its (convex) Legendre transform, defined by

g'(€) = 21611;{@75) +g(a)},

and let also A\p be the Lebesgue measure of P, normalized to mass 1. Then:
(i) FS(x)|ne = g" — 0¥, where 0V coincides with the support function of P;
(i) vol(x) = [ g Ap;
(ifi) doo(x; X') = supp |g — ¢'l, and dp(x, X') = llg — ¢'llzr(rp) for p € [1, 00);
(iv) x € Tr (resp. Tg) iff ¢¥(v) = max;{{a;,v) + \;} for a finite set o € PN Mg and \; € R

(resp. Q);
(V) x E NEM <= g € CO(P) < g usc < x € NP,
(vi) x € NV (vesp. Ng") iff g(a) = min;{(¢;, @) + ¢;} for a finite set £ € Ng and ¢; € R

(resp. Q);
(vil) MA(x) = MAR(9Y) = (Vg)xAp, where MAp is the real Monge-Ampeére operator and
Vg is the (Ap-a.e. defined) gradient of g.

By (iv), (vi) and basic convex geometry, it follows that any toric homogeneous norm y satisfies
X ENGY = x € To.
However, both implications fail when @ is replaced with R.
Example B.1. Assume (X, L) = (P!, O(1)), and consider the toric divisorial norm
X = min{xy, Xuriv + ¢} € NgY,

where v = ordg with 0 is the origin in A' C P, and ¢ € [0,1]. The corresponding concave
function is g(a) = min{a, ¢} with a € P =[0,1] C Mg =R, and a simple computation yields

9"(€) = max{ + ¢, + ¢, 0}
forv e Ng =R. Using (iv), this shows x € Tr < c € Q.

Example B.2. For any £ € Ngp C X'I», X¢ is of finite type (see Example . However, x¢
is divisorial iff £ € Ng (see Ezample .
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