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Abstract We extend to normal projective varieties defined over an arbitrary algebraically
closed field a result of Ein, Lazarsfeld, Mustaţă, Nakamaye and Popa characterizing the
augmented base locus (aka non-ample locus) of a line bundle on a smooth projective complex
variety as the union of subvarieties on which the restricted volume vanishes. We also give
a proof of the folklore fact that the complement of the augmented base locus is the largest
open subset on which the Kodaira map defined by large and divisible multiples of the line
bundle is an isomorphism.
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1 Introduction

We work over an arbitrary algebraically closed field. The stable base locus of a line bundle
L on a projective variety X is the Zariski closed subset defined as
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B(L) :=
⋂

m∈N

Bs (mL) ,

and the augmented base locus (aka non-ample locus) of L is

B+(L) :=
⋂

m∈N

B (mL − A) ,

where A is any ample line bundle on X . This construction appears several times over in the
literature (notably in [17]), and was formally introduced in [11, Def. 1.2] (see also [6, Def.
3.16] for its analytic counterpart for (1, 1)-classes). Given its basic nature, it naturally plays
an important role in birational geometry, as illustrated by [2,3,13,18], to mention only a few.

Trivially, B+(L) is empty iff L is ample, while B+(L) �= X iff L is big. In that case, the
Kodaira map

�m : X ��� PH0(X, mL)

defined by the sections of mL is birational onto its image for all m sufficiently large and
divisible. Our first main result is the following, which seems to be a folklore fact in the
subject:

Theorem A Let L be a big line bundle on a normal projective variety X. Then the comple-
ment X\B+(L) of the augmented base locus is the largest Zariski open subset U ⊆ X\B(L)

such that, for all large and divisible m, the restriction of the morphism

�m : X\B(L) → PH0(X, mL)

to U is an isomorphism onto its image.

For every subvariety Z ⊆ X not contained in B+(L), the restriction of L to Z is big.
Better still, the space of sections of mL|Z that extend to X has maximal possible growth: if
we denote by H0(X |Z , mL) the image of the restriction map H0(X, mL) → H0(Z , mL |Z )

and set d := dim Z , then the restricted volume of L on Z , introduced in [11] and defined as

volX |Z (L) = lim sup
m→+∞

d!
md

dim H0(X |Z , mL),

is positive. In other words, we have

B+(L) ⊇
⋃

Z⊆X :
volX |Z (L)=0

Z .

Conversely, when X is a smooth complex projective variety, [12, Thm C] states that
volX |Z (L) = 0 for every irreducible component Z of B+(L), so that the above inclusion
is an equality. The proof of this result is quite involved, using the whole arsenal of asymp-
totic invariants (jet separation, Hilbert-Samuel and Arnold multiplicities, etc…) and a delicate
combination of Fujita approximation arguments with estimates for spaces of sections.

The goal of the present paper is to provide an elementary proof of this result, valid
furthermore for any normal projective variety over an arbitrary algebraically closed field.

Theorem B Let X be a normal projective variety defined over an arbitrary algebraically
closed field. For every line bundle L on X and every irreducible component Z of B+(L) we
have volX |Z (L) = 0, and hence

B+(L) =
⋃

Z⊆X :
volX |Z (L)=0

Z .
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It is important to emphasize that the difficult original proof given in [12] is actually valid
for R-divisors, and that it yields a much stronger continuity result: if Z is an irreducible
component of B+(L) and A is ample, then

lim
m→+∞ volX |Z

(
L + 1

m A
) = 0. (1)

Already for Z = X , i.e. when L is not big, volX |X (L) = vol(L) is zero just by definition,
while limm→∞ vol

(
L + 1

m A
) = 0 amounts to the continuity of the volume function [16,

Thm 2.2.37] (see also [5, Cor 4.11], for the case of (1, 1)-classes).
The stronger continuity statement (1) also seems to be needed to recover Nakamaye’s

original result in the nef case [17], which states that

B+(L) =
⋃

Z⊆X :
Ldim Z ·Z=0

Z

when L is nef. While we are not able to deduce this result from Theorem A, it was recently
established in positive characteristic in [8], for (1, 1)-classes in [9] and for arbitrary projective
schemes over a field in [4].

2 An Iitaka-type estimate for graded linear series

Throughout the paper we work over an arbitrary algebraically closed field k. An algebraic
variety is by definition an integral separated scheme of finite type over k. Let L be a line
bundle on a projective variety Z , and assume that its section ring

R(Z , L) :=
⊕

m∈N

H0(Z , mL)

is non-trivial, so that the semigroup

N(Z , L) := {
m ∈ N | H0(Z , mL) �= 0

}

is infinite. Assuming that k has characteristic 0, S. Iitaka proved in [14] the existence of
C > 0 such that

C−1mκ(Z ,L) ≤ h0(Z , mL) ≤ Cmκ(Z ,L)

for all m ∈ N(Z , L). Here κ(Z , L) is an integer in {0, ..., dim Z} known as the Iitaka
dimension of L , and which can also be characterized as

κ(Z , L) = tr. deg (R(Z , L)/k) − 1.

In [14], the assumption that k has characteristic zero is used to apply Hironaka’s resolution
of singularities and flattening theorems.

Here we provide a simple geometric argument, directly inspired by the proof of [10, Lem.
3.6], proving the following more general result:

Proposition 2.1 Let L be a line bundle on a projective variety Z. Let W ⊆ R(Z , L) be a
non-trivial graded subalgebra, and set κ(W ) := tr. deg(W ) − 1. Then there exists C > 0
such that

C−1mκ(W ) ≤ dim Wm ≤ Cmκ(W )

for all m ∈ N(W ).
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We have set as usual

N(W ) = {m ∈ N | Wm �= 0} .

Remark 2.2 Using the theory of Okounkov bodies, a much more precise estimate can actually
be obtained. Indeed, it is proved in [15, Thm 4] (see also [7, Thm 0.1]) that there exists
c ∈ (0,+∞) such that

dim Wm = c mκ(W ) + o
(

mκ(W )
)

as m ∈ N(W ) tends to +∞.

The proof of Proposition 2.1 relies on the following standard facts.

Lemma 2.3 In the notation of Proposition2.1, let

�m : Z ��� PWm

be the Kodaira map defined by the linear series Wm, with m ∈ N(W ). Then

κ(W ) = max {dim �m(Z) | m ∈ N(W )} .

Proof We recall the easy argument. Introduce the homogeneous fraction field

K0(W ) = { f/g | f, g ∈ Wm for some m} .

The fraction field of W is then a purely transcendental extension of degree one of K0(W ), and
hence κ(W ) = tr. deg(K0(W )/k). Now K0(W ), being a subfield of K (Z), is also finitely
generated over k, and it is thus the fraction field of the graded subalgebra spanned by Wm

for all m ∈ N(W ) large enough. But the latter is the function field of �m(Z), almost by
definition. 	

Lemma 2.4 Let f : Z ��� Y be a dominant rational map between projective varieties such
that dim Z > dim Y . Then any irreducible ample divisor H of Z dominates Y .

Even though this fact probably sounds obvious, we provide a proof for completeness.

Proof Let Z ′ be the normalization of the graph of f , which comes with a birational morphism
μ : Z ′ → Z such that g := f ◦ μ : Z ′ → Y is a morphism. Let also

Z ′ f ′
�� Y ′ ν �� Y

be the Stein factorization of g, so that Y ′ is normal and f ′ has connected fibers. Since ν is
surjective, it is enough to show that f ′(μ∗ H) = Y ′. If C ′ ⊆ Z ′ is a general curve contained
in a general f ′-fiber, then C := μ(C ′) is also a curve, and hence μ∗ H · C ′ = H · C > 0 by
the projection formula and the ampleness of H . It follows that μ∗ H meets the general fiber
of f ′, and hence f ′(μ∗ H) = Y ′. 	

Proof of Proposition 2.1 The lower bound on dim Wm is a general property of graded integral
domains, and is easy to get, choosing κ(W ) + 1 algebraically independent homogeneous
elements of W .

To get the upper bound, we first observe that the base field k may be assumed to be
uncountable, since the desired estimate is invariant under base field extension. By Lemma
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2.3, we have dim �m(Z) = κ(W ) for all m ∈ N(W ) large enough. If κ(W ) = dim(Z) let A
be an ample divisor on Z such that L ≤ A. Then

dim Wm ≤ h0(mL) ≤ h0(m A) ≤ Cmdim(Z) = Cmκ(W ).

If κ(W ) < dim(Z), Lemma 2.4 allows to choose a complete intersection T ⊆ Z of very
ample divisors, very general in their linear series, in such a way that dim T = κ(W ) and
�m(T ) = �m(Z) for all m ∈ N(W ) large enough. At this point, the uncountability of k is
used, since we impose countably many conditions. Now we claim that the restriction map

Wm → H0(T, mL |T )

must be injective for all m ∈ N(W ) large enough, which will provide the desired upper bound
on dim Wm . Indeed, if there is a non-zero section s ∈ Wm vanishing along T and with zero
divisor D, then �m(Supp D) = �m(Z). But this gives a contradiction since �m(Supp D) is,
by definition of �m , a hyperplane section of �m(Z), while the latter is linearly non-degenerate
in PWm . 	

The main consequence for us is:

Corollary 2.5 Let L be a line bundle on a projective variety X, and assume that Z ⊂ X
is a positive dimensional subvariety not contained in the stable base locus B(L). Then
volX |Z (L) = 0 iff for all m large and divisible enough the Kodaira map �m : X ���
PH0(X, mL) defined by the sections of mL contracts Z, i.e.

dim �m(Z) < dim Z .

Proof Introduce the image R(X |Z , L) ⊆ R(Z , L) of the restriction map R(X, L) →
R(Z , L). To say that Z is not contained in B(L) means that R(X |Z , L) is non-trivial. For all
m large and divisible enough there is a commutative diagram

Z� �

i

��

�m �����
PH0(X |Z , mL)� �

j

��
X

�m

������
PH0(X, mL)

in which both i and j are closed immersions. Then

κ(X |Z , L) = dim �m(Z) = dim �m(Z)

for all m large and divisible enough. On the other hand, Proposition 2.1 implies that
volX |Z (L) = 0 iff κ(X |Z , L) < dim Z , and the result follows. 	


3 Proof of the main theorems

3.1 Proof of Theorem A

Our main tool will be the following result from [1] (whose proof is characteristic free).

Lemma 3.1 [1, Proposition 2.3] Let π : X ′ → X be a birational morphism between normal
projective varieties. If L is a big line bundle on X, then

B+(π∗L) = π−1 (B+(L)) ∪ Exc(π).
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One direction in Theorem A is almost trivial. Indeed, if A is a very ample line bundle on
X , there exists m0 ∈ N such that B(m0 L − A) = B+(L). It follows that mm0 L −m A is base
point free on X\B+(L) for all m large and divisible enough, which implies that �mm0 is an
isomorphism on X\B+(L).

Conversely, pick m large and divisible enough to ensure that Bs(mL) = B(L) and that
�m is birational onto its image. Consider the commutative diagram

Xm

μm

��

fm �� Ym

νm

��
X

�m

����� �m(X)

(2)

where μm is the normalized blow-up of X along the base ideal of mL , νm is the normalization
of �m(X), and fm : Xm → Ym is the induced birational morphism between normal projective
varieties. By construction, we have a decomposition

μ∗
m(mL) = f ∗

m Am + Fm

where Am is an ample line bundle on Ym and Fm is an effective divisor with

Supp Fm = μ−1
m (B(L)) .

If we denote by Um ⊆ X\B(L) the largest open subset on which �m is an isomorphism,
then νm ◦ fm is an isomorphism on μ−1

m (Um) since μm is an isomorphism over X\B(L), and
it follows that

μ−1
m (Um) ⊆ Xm\ (Exc( fm) ∪ Supp Fm)) . (3)

Since μm(Exc(μm)) is contained in B(L) ⊆ B+(L), Lemma 3.1 yields

B+(μ∗
m L) = μ−1

m (B+(L)).

On the other hand, we have

B+(μ∗
m L) = B+(μ∗

m(mL)) = B+( f ∗
m Am + Fm) ⊆ B+( f ∗

m Am) ∪ Supp(Fm).

Another application of Lemma 3.1 thus shows that

μ−1
m (B+(L)) ⊆ Exc( fm) ∪ Supp Fm,

and we conclude as desired that Um ⊂ X\B+(L), thanks to (3).

3.2 Proof of Theorem B

We use the notation in the previous section. Let Z be an irreducible component of B+(L), so
that Z is necessarily positive dimensional by [12, Proposition 1.1] (which relies on a result
of [19] valid for normal varieties over any algebraically closed field). If Z is contained in
B(L), then we obviously have volX |Z (L) = 0 since H0(X |Z , mL) = 0 for all m ≥ 1. We
may thus assume that Z is not contained in B(L); in view of Corollary 2.5, we are to show
that

dim �m(Z) < dim Z

for all m large and divisible enough. The proof of Theorem A gives that

μ−1
m (B+(L)) = μ−1

m (X\Um) = Exc( fm) ∪ Supp Fm (4)
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for all m large and divisible enough, so that the strict transform Zm of Z on Xm is an irreducible
component of Exc( fm). Since fm is a birational morphism between normal varieties, it
follows that dim fm(Zm) < dim Z . As νm is finite, it follows as desired that

dim �m(Z) = dim(νm ◦ fm)(Zm) < dim Z .

Acknowledgments We wish to thank Lorenzo Di Biagio, Gianluca Pacienza and Paolo Cascini for some
helpful discussions.

References

1. Boucksom, S., Broustet, A., Pacienza, G.: Uniruledness of stable base loci of adjoint linear systems via
Mori Theory. Math. Z. 275(1–2), 499–507 (2013)

2. Birkar, C., Cascini, P., Hacon, C., McKernan, J.: Existence of minimal models for varieties of log general
type. J. Am. Math. Soc. 23(2), 405–468 (2010)
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