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Kahler metrics and curvature

Let X be a compact connected complex manifold, n = dim X.

In local coordinates, a Kahler metric on X is of the form (%)Kﬂggn for a smooth
plurisubharmonic (psh) function ¢.
Equivalently given by a Kéhler form, i.c. a closed positive (1,1)-form w =}, i09¢.

Induced volume form w™ <+ metric on canonical bundle Kx, locally generated by
dzy A\ -+ Ndzy.

Curvature form of dual bundle = Ricci curvature Ric(w) =joc —i00 logw™.
De Rham class [Ric(w)] = —c1(Kx) = c1(X) € H*(X,R).
Scalar curvature S(w) = tr,, Ric(w) =joc Ay logw™. Mean value S = n%
w is a

» constant scalar curvature Kahler (cscK) metric if S(w) = cst = S;

» Kahler-Einstein (KE) metric if Ric(w) = Aw, A € R <= w cscK and ¢1(X) = A[w].
If n =1: cscK = KE = Poincaré metric.



Kahler potentials and energy functionals

Fix a K&hler form w on X, of volume V = [w™ = [w]".
o Space of Kahler potentials K = K(w) := {¢ € C®(X) | w, := w + i0dp > 0}.
00-Lemma = IC/R ~ {K&hler forms in [w]}.
e Monge—-Ampeére operator ¢ — MA(yp) := V‘lwg. KE equation < MA(p) = e~ ??dV.
o MA operator admits a primitive E: £ — R, the Monge—Ampere energy, i.c.
G Bler) = [ & MA(py). Explicitly E() = iy i [owp Aw™ .
o P S(w¢) =loc Au, log MA(p) fourth order differential operator.
o v (S—S(wy)) MA(p) also admits a primitive M: K — R, the Mabuchi K-energy =
cscK potentials = critical points of M.
° EpricitIy (Chen—Tian) M(¢) = H(p ) + V_Ric(w) E(¢) = entropy + energy where
> H(p) = [log (YAl ) MA(p) >
- Vg E( ) =

4| o Euwtsa(ep) for any closed (1,1)-form.



Completion: potentials of finite energy

e Space of w-psh functions PSH = PSH(w) := {¢ € L' | w, = w + i0dp > 0}.
¢ € PSH < ¢ = lim; | ¢; € K (Richberg, Demailly, Blocki-Kolodziej).

e E: K — R nondecreasing ~~ uniquely extends to a nondecreasing, usc functional
E: PSH — RU{—o0}, with E(p) = lim; | E(¢;).

@ Space of potentials of finite energy £! := {¢ € PSH | E(¢) > —oc0}.
Strong topology of £! := coarsest refinement of weak (=L') topology such that
E: &' — R continuous. K dense in £

o If n=1: &' = PSHNL?, strong topology = Sobolev topology.

@ Monge—Ampere operator admits unique continuous extension to £' (BBEGZ).

Theorem (Darvas-DiNezza—Lu)

The strong topology of £ is defined by a unique metric d, such that
° ¢ >t = di(p,¥) =E(p) — E(¢);

° dl(%l/}) = inf {dl(SO?T) + d1(771/}> | T € 517 T < ¢7¢};
Furthermore, (E1,d;) is complete.




Psh geodesics
o A path (py)ies in Y is psh if (¢t,2) — @¢(z) is w-psh on (I +iR) x X. Then t — E(p;)
convex.
e Each pair g, p1 € £ is joined by a (unique) maximal psh path (¢t)tejo,1], called a psh
geodesic. Characterized by ¢ — E(¢) affine linear.
o If ©g, 1 € K, then @y(z) is OB (X. Chen, Chu-Tosatti-Weinkove), but not C? in
general (Lempert—Vivas).

Proposition (Berman—Darvas—Lu)

Psh geodesics are metric geodesics in (€', d1) with respect to which this space is Busemann
convex.

Also holds for the subspace £} := {¢ € £! | E(p) = 0} of normalized potentials.

Example

Pick finite dimensional vector space V, set (X, L) := (P(V),O(1)). Hermitian norm

X € H(V) ~ Fubini-Study metric FS(x) on L = isometric embedding (H,d1) < (€%, dy),
takes affine geodesics to psh geodesics.

- — = = SRe



Proof of Proposition

e Pick psh geodesics (¢1)ic(0,1] and (¥¢)eejo,1] in E'. Enough to show

di(pt, ¥e) < (1 —t)di(po,v0) + tdi(pr, ) (1)

(this implies metric geodesics).
e When ¢y < 1y, di(¢r, 1) = E(vy) — E(py) affine linear.

@ In general, pick 79 < g, %o and 11 < @1, 9P1. (’Tt)te[o’l] psh geodesic joining them.
Maximality of (¢;) and (vy) = 7 < @y, ¢ for all t. Thus

di (e, ¥) < di(pe, 1) + di(Te, )

= (1 —t)[d1(po, 70) + di1(70,%0)] + t[d1 (1, 71) + di(71,1)].

@ Infimum over 79, 71 =(1).



The extended K-energy

e For any closed (1,1)-form 6, V4 E admits a (unique) continuous to extension to &1,
bounded on each ball.

o For ¢ € & set H(p) := [log (MA((W))) MA(p) € [0, +o0] if MA(y) absolutely

continuous, and 400 otherW|se. Entropy functional H: £! — [0, +o0] is
» strongly Isc on £, i.e. {H < C} N B is compact for any closed ball B and C' > 0 (BBEGZ);
» the maximal Isc extension from K, i.e. ¢ € £' = ¢ = lim; ¢; € K such that
H(p;) — H(p) (Berman-Darvas—Lu).

@ Thus M(p) := H(p) + V_Ric(w) E(®) ~ maximal (strongly) Isc extension
M: &' — RU {+oc} of Mabuchi K-energy.

Theorem (Berman—Berndtsson)

M: &' — R U {400} is convex along psh geodesics.
Furthermore, {cscK potentials} = K N {minimizers of M in E'}.




Regularity of minimizers
Pick a closed (1, 1)-form 6.
o Twisted Ricci and scalar curvature Ric?(w) := Ric(w) — 8, S%(w) := tr, Ric’ (w).
w O-twisted cscK metric if S%(w) = cst.
o Cp:={p € K|w, O-twisted cscK} = critical points (in K) of f-twisted K-energy

M= H+V_ g E=M+VyE.
@ #>0= VyE convex = M’ convex = Cyp = K N {minimizers of M? in £'}. Thus
p € Cp=> M’(p) <M(0) = 0 <= H(p) < V_ g0 () E()-
So energy bound on ¢ implies entropy bound.

Theorem (Chen—Cheng)

The following holds:

(i) entropy bound on ¢ € Cy and C*°-bound on § —> C*°-bound on ¢;
(ii) if@ > 0, any minimizer of M? lies in Cy.




Sketch of proof of (i)=-(ii).

@ Assume ¢ € &L minimizes M?. Pick o = wy, p € K.
@ S:={t>0]Cyprta # 0} open and non-empty (Hashimoto, Zeng).
@ ¢ € Cyitq = minimizes MO+t = M? 14V, E
= M?(¢1) +tVa E(pr) < M(¢) +1Va B(¥) < M(1) + Vo B(¥)
= VaE(pt) < Vo E(¥).
e V. E coercive on &} = energy bound for ¢; = C>-bound for ¢, by (i).
o Thus inf S =0 and ¢, — @ € Cy with t; — 0. Vo E(p) < Vo E().
e Write ¢ = lim; ¢; € K, set a;j := wy,,. For each j, get ¢; € Cy with
voéj E(@]) < vaj E(d])
e ¢ — 1 = ¢; bounded in ! = Va; E =V, E+O(1) = energy bound for
@; = C*°-bound for ¢;, by (i).
0 0< Vo, E(¢)) — Vo, E(p)) < Vo, E(¥) = Vo, E(p;) — 0 implies d1 (55, ;) — 0.
Hence ¢; — v and ¥ € Cy.



Analytic Yau-Tian—Donaldson conjecture

We have seen that

e (&',d;) Busemann convex with respect to the distinguished class of psh geodesics;
o M: &' — RU {+00o} strongly Isc, convex on psh geodesics;

@ minimizers of M in £' correspond to cscK metrics.

Theorem

For any compact Kahler manifold (X,w), the following are equivalent:
(i) there exists a unique cscK metric in [w];

(i) M is coercive on E};

(i) M > 6V,E—C on &' for some ,C > 0.

(v) ¢

= (g1) nontrivial psh geodesic ray in £ = M(@) = limy_, 4 2 M(¢t) > 0.




