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troduction to the Kähler-Ricci flow, Sébastien Boucksom, Philippe Eyssidieux and
Vincent Guedj Eds. Lecture Notes in Math. 2086. Springer, Cham, 2013.

17. Corps d’Okounkov (d’après Okounkov, Lazarsfeld-Mustata et Kaveh-Khovanskii).
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Research statement

My research lies at the meeting point of Kähler geometry, algebraic geometry and
non-Archimedean geometry, the main directions over the last few years being

— the Yau-Tian-Donaldson conjecture and K-stability ;
— degenerations of Calabi-Yau manifolds.
My most significant contribution over this period has been a new variational proof of

the Yau-Tian-Donaldson conjecture for Fano manifolds, jointly with Robert Berman and
Mattias Jonsson, substantially simpler than the previous approach by Chen-Donaldson-
Sun.

The Yau-Tian-Donaldson conjecture

Let (X,L) be a polarized manifold, i.e. a smooth complex projective variety X, together
with an ample line bundle L. The Yau-Tian-Donaldson conjecture relates the existence of
a Kähler metric ω ∈ c1(L) with constant scalar curvature (cscK metric for short) to the
algebro-geometric notion of K-stability of (X,L).

When c1(X) is a multiple of c1(L), a metric ω ∈ c1(L) is cscK if and only it is Kähler-
Einstein, i.e. with constant Ricci curvature. Conversely, the latter condition implies that
c1(X) = λc1(L) with λ ∈ Q. The canonical bundle KX is then either ample (λ < 0,
canonically polarized case), torsion (λ = 0, Calabi-Yau case), or negative (λ > 0, Fano
case). In the first two cases, it was showed by Aubin and Yau in the 70’s that c1(L) contains
a unique Kähler-Einstein metric. In the Fano case, there are various known obstructions to
the existence of a Kähler-Einstein metric, and the Yau-Tian-Donaldson conjecture states
in particular that they are of purely algebro-geometric nature.



More precisely, let (X ,L) be a test configuration for (X,L), i.e. a C∗-equivariant de-
generation induced by a C∗-action on a projective space in which X is embedded via the
sections of a power of L. One associates to (X ,L) a Donaldson-Futaki invariant DF(X ,L),
which can either be described as a limit of Hilbert-Mumford weights from geometric inva-
riant theory (GIT), or in terms of intersection numbers computed on (a compactification
of) X . One then says that (X,L) is K-stable if DF(X ,L) > 0 for every nontrivial test
configuration.

On the other hand, the existence of a cscK metric is a variational problem, the so-
lutions being precisely the minimizers of a functional on the space of Kähler metric in
c1(L), namely the Mabuchi K-energy functional M . This functional is further convex in a
nontrivial sense, and the intuition underlying the Yau-Tian-Donaldson conjecture is that
one can test the growth properties of M by considering its behavior along certain rays of
Kähler metrics. Each test configuration (X ,L) produces such a ray, consisting of Fubini-
Study type metrics, and the slope at infinity of M along this ray is essentially equal to
the Donaldson-Futaki invariant DF(X ,L). The conjecture thus predicts the existence of
critical points for M as soon as M is proper along certain algebro-geometric rays of metrics.

This point of view was developped in joint work with Tomoyuki Hisamoto and Mattias
Jonsson. This is done using non-Archimedean geometry, the starting point being that
a test configuration defines in a natural way a metric on the Berkovich space attached
to (X,L). We reinterpret various invariants attached to a test configuration as the non-
Archimedean analogue FNA of well-known functionals F in Kähler geometry. In particular,
the non-Archimedean version MNA of the K-energy M coincides with the Donaldson-
Futaki invariant DF, up to an explicit error term. This analogy is given more substance
by the fact that for each functional F we are dealing with, FNA(X ,L) coincides with the
slope at infinity limt→+∞ F (φt)/t along a ray (φt) compatible with (X ,L).

These results were exploited in a joint work with Robert Berman and Mattias Jonsson,
in which we give a new proof of the Yau-Tian-Donaldson conjecture in the Fano case. After
the groundbreaking work of Chen-Donaldson-Sun, a variant of their approach, yielding a
more general result, was obtained by Datar-Szekelyhidi. In contrast to these proofs, which
rely on an in-depth and very difficult study of Gromov-Hausdorff limits of Kähler-Einstein
manifolds, our approach is based on the natural interpretation of the Yau-Tian-Donaldson
conjecture provided above. Arguing by contradiction, a compactness argument produces
a ray of metrics, possibly very singular, along which M remains bounded above. Using
the Demailly-Siu theory of multiplier ideals, we then approximate this ray by algebro-
geometric ones, and eventually contradict the growth of M along such rays.

Our variational approach to the YTD conjecture opens several important perspectives,
which are at the heart of my current research activity. On the one hand, it is very reasonable
to hope to extend this approach, which relies purely on pluripotential theory, to the case
of singular Fano varieties, that has come to play a key role in recent works by Odaka-
Spotti-Sun and Li-Wang-Xu on modulo spaces of K-stable Fano varieties. On the other
hand, our strategy opens the way to the general case of the YTD conjecture, dealing with
cscK metrics. Combined with the important recent work of Chen-Cheng, it reduces the
general case of the conjecture to the study of the monotonicity properties of the slopes at
infinity of the K-energy under algebraic approximation of geodesic rays.

Degenerations of Calabi-Yau manifolds

The Kontsevich-Soibelman conjecture deals with the limiting behavior, as metric spaces,
of a family of Calabi-Yau manifolds approaching a ”cusp” in the boundary of the moduli



space. With Mattias Jonsson, we established a weak version of this conjecture, dealing
with the associated volume forms.

More precisely, let (X,L) → D∗ be a degeneration of Calabi-Yau manifolds, parame-
trized by the punctured unit disc D∗ ⊂ C, and polarized by an ample line bundle. Each
fiber (Xt, Lt) comes with a unique Ricci-flat metric ωt ∈ c1(Lt), and it is a natural problem
to study the limit behavior in the Gromov-Hausdorff sense of (Xt, ωt) as t → 0. This is
further motivated by the Ströminger-Yau-Zaslow conjecture in mirror symmetry, which
tries to produce Lagrangian fibrations on Xt for t close to 0, as a step to obtain a mirror
family.

Following Kontsevich and Soibelman, one introduces the essential skeleton of the de-
generation, a simplicial complex Sk(X) endowed with a Z-PL structure, which can be
interpreted as the dual complex of a minimal model of the degenerations, as follows from
work of Mustata, Nicaise and Xu. The dimension dim Sk(X) ≤ dimXt measures the degree
of degeneration. Work of Donaldson-Sun, Tosatti and Takayama shows that the minimally
degenerate case dim Sk(X) = 0 occurs precisely when the diameter of (Xt, ωt) remains
bounded. In that case, (Xt, ωt) converges to the central fiber X0 of the minimal model of
the degeneration, endowed with its unique singular Ricci-flat metric.

At the other end of the spectrum, the maximally degenerate case dim Sk(X) = dimXt

corresponds to the case where (Xt, Lt) approaches a cusp. Kontsevich and Soibelman then
conjecture that Xt, endowed with the metric ω̃t rescaled to diameter 1, converges in the
Gromov-Hausdorff sense to the essential skeleton Sk(X) endowed with a Monge-Ampère
metric, i.e. the analogue in convex geometry of a Calabi-Yau manifold.

In joint work with Mattias Jonsson, we proved that the volume forms ωn
t converge in

a natural sense to the Lebesgue measure of Sk(X) determined by its Z-PL structure. We
deal more generally with the convergence to a Z-PL measure of a family of volume forms
on compact complex manifolds with appropriate singularities.

In order to make sense of this convergence, we rely on a general analytification pro-
cedure due to Berkovich, which completes in a natural way X → D∗ to a topological
fibration over the unit disc D, with central fiber the Berkovich non-Archimedean space
Xan attached to the degeneration. The essential skeleton Sk(X) as initially described by
Kontsevich and Soibelman lies indeed as a subspace of Xan, their idea being to then solve
a non-Archimedean Monge-Ampère equation to produce the desired metric on Sk(X).


